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This is a lecture note of Professor Shuichi Tasaki. In the last part of this manuscript, SA 
and FB demonstrate some recent results as well. As far as SA's knowledge, regular courses 
were given every two years for graduate students at Waseda university, and SA attended the 
course twice (probably in 2005 and 2007 or in 2006 and 2008). Some topics were added in the 
lectures of the later year, probably Professor Tasaki modified his lectures as he was discovering 
new results. A similar but intensive short course was given once as at Kyoto university. 

SA thinks Professor Tasaki had a unique philosophy of physics, which enabled him to give 
very attractive lectures that unfortunately it is not possible to attend any morell In Professor 
Tasaki's lectures, both beautiful mathematical views and clear physical intuition were always 
given together, which SA believe, is quite difficult. As many people know Professor Tasaki was 
very strong in mathematics, but he never forgot to think of physical interpretations. Professor 
Tasaki was writing a lecture note of this course based on the note taken by a student of Kyoto 
university. Unfortunately, Prof. Tasaki passed away before he finished writing the manuscript. 
This lecture note is based on the incomplete Japanese notepQ and a note taken by SA at Waseda 
university. It seems that main stories of the lectures are the same, but Professor Tasaki gave 
different materials in detail, and use different notations. This manuscript mainly follows the 
note of SA. 

SA and FB decided to write this manuscript (1) to complete a note of Professor Tasaki's 
lectures, and (2) to give an access for non-Japanese speaker to his lecture note. However, they 
are slow writer, and they could not finish it before the deadline of this volume. They could finish 
only parts before nonequilibrium states (only some of the results will be shown in this version), 
and some recent results about Landauer formula and sufficient condition on interaction for the 
existence of unique steady states. They hope to complete the lecture note part, and upload it 
on Arxiv in the future. 



1 introduction 

One of the main problems in a mathematical formulation of statistical mechanics might be the 
treatment of infinite systems because some fundamental quantities that usually appear in the 
equations have formal meaning but are ill-defined. In addition, states in quantum system also 
do not have asymptotic limit since e~ lHt oscillate very frequently. 

1 E-mail: g00k0056@suou.jp 

2 S A joined Professor Tasaki's courses on dynamics (1st year), thermodynamics (2nd year), statistical mechanics 
(3rd year - as a master student), and two courses for graduate students, one about C* algebra and dynamical 
systems, the other about renormalization group 
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The method of C* algebra was first introduced on the purpose to axiomatically study quan- 
tum system [2] , and it has been applied to the study of statistical mechanics of infinitely extended 
systems [3j HI O [6], [Tj . C* algebra is constructed as a set of elements with finite norm, and thus, 
the problem of divergence does not exist by definition. 

Recently, the C* algebra approach to quantum statistical mechanics found important ap- 
plications in the study of nonequilibrium systems because we can rigorously consider reservoirs 
in contrast to usual formulation where the infinite size of them prevents a rigorous analysis. 
Starting from Ruelle's work[3l9] on scattering-theoretical characterizations of NESS and Jaksic- 
Pillet's investigation|10 l [TT | [T2"] on entropy production, the algebraic approach to NESS has been 
extensively developed (see Ref.pEl QU E3 Mi E3 13 CE3 1201 EI] and references therein). Cur- 
rently, in addition to various aspectspEl [22], [231 123 [25], linear response theories [26l [271 123 [29] . 
thermodynamics properties^ [23 E3 EI], Landauer-Biittiker formulapH [13 E3 E3 E3 [35] , 
nonequilibrium phase transition [36], and quantum dissipative structure[37] are investigated. 

Since quantum time evolution is unitary, the consideration of the reservoirs is inevitable 
for discussion of many phenomena such as dissipation and decoherence, and thus, it had been 
important to establish mathematically rigorous theory to discuss these issues. Several tools exist 
to study those systems, like kinetic theory[38], steady state thermodynamics [39] . linear response 
theory [30]. etc, but their foundation has been the subject of long debates. For application, 
C* algebra has been only applied to quasi-free systems, though under this circumstances, the 
rigorous study with C* algebra for nonequilibrium systems has significant values. 

In systems connected to two infinitely extended reservoirs with different sets of thermody- 
namic quantities (temperatures T and chemical potentials /u), one might expect that systems 
reach steady states after sufficiently long time. However, it is not always the case, and the 
conditions to reach steady state are not well understood. With the method of C* algebra, it 
was shown that [8], if time-evolution satisfies L 1 asymptotic abelian properties and some other 
conditions, there exists a stable unique steady state. 

Part of C* algebraic works is highly mathematically oriented, and physical systems are 
typically studied with evolution equations for reduced density matrix [13 S3 H3] (super operators 
obtained by tracing out reservoir's freedom) or with the Keldysh formalism }44j. 

Maybe one of the achievements of Professor Tasaki was that he studied physically interesting 
systems rigorously and presented the analysis in a language accessible to most physicists. 

In the first part of this article we have presented in great detail the general framework of C* 
algebra approach to quantum mechanics and to equilibrium quantum statistical mechanics as 
though by S. Tasaki in Kyoto and Waseda University. The extension to nonequilibrium situations 
is presented without detailed profs, which are left for a second part of the lecture notes, however, 
in the second part of this article, namely in Seed we include a detailed derivation of Landauer 
formula, an important formula in the study of transport properties of nonequilibrium systems. 
Consider a system of non-interacting fermions and two reservoirs, one called the left reservoir and 
the second the right reservoir, each characterized by a given temperature and chemical potential. 
Then the system is put in contact with the left reservoir and the right reservoir such that a current 
of particles is established. Landauer formula, connects the (particle) current through the system 
in the nonequilibrium steady state with the Fermi distribution characterizing the left and right 
reservoirs. Landauer formula is very appealing because it has a simple physical interpretation 
linking current to transmission properties of the system, and in fact it can be derived using 
simple and reasonable physical assumptions [35]. Here we present one derivation that uses the 
results of C* algebra approach without invoking these assumptions. In particular, there is no 
need to assume that the reservoirs remain in Fermi distribution once the nonequilibrium steady 
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state (NESS) is established but still NESS current is determined by the Fermi distribution that 
reservoirs had at least in the infinite past. 

The manuscript is organized as follows. In §2, we review the basics of second quantization, 
Fock Space and operators acting on that space. In §3, we define * and C* algebras, analyze 
their spectral properties, an analyze special properties of some members of the algebra know as 
selfadjoint elements. In §4, we introduce the notion of time evolution by considering the action 
of a one parameter group on the algebra. The analogy with usual time evolution in quantum 
mechanics is explained. In §5, we introduce states as linear functionals from the C* algebra to 
the complex numbers. We show that for finite system this is equivalent to the notion of density 
matrix. Then we consider the so called GNS representation of the C* algebra, which provides a 
useful tool of analysis and also of physical interpretation in terms of usual quantum mechanics. 
At the end of this section and in §6, statistical mechanics is developed in the C* approach to 
quantum mechanics. §6 ends with the introduction on nonequilibrium steady states. In §7, we 
include a result of our own research and analyze a particular problem which is the validity of 
Landauer formula and explicit form of tunneling probability for systems described by a quadratic 
hamiltonian. Sufficient conditions for the existence of a unique steady state are also derived in 
that section. We end with a few conclusions in section §8. 

2 Second Quantization 

In this section, we briefly review the second quantization of fermions. Let us start from 2 body 
wave function. 



Let {4> n {x)} be a complete orthonormal system (CONS), then, ip(xi,X2) can be expanded as 
follows. 






n 




n,m 



where C n {x\) and C nm are defined by 





nm 



Ym 



mn 




n>m 




1 <t>m{x\) 4>m{x2) 
y/2 <j>n{x\) 4>n(x2) 
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where the matrix 



1 

71 



Yin 

4>n(xi) 4>n(x 2 ) 



is called the Slater matrix. By interpreting n and m as states, \^2C nm is a probability amplitude 
of which state (n, m) are occupied by particles. 

Note: In general, wave function of N particle systems are expressed as 



(xi, ■ ■ ■ ,x N ) 



{rij} 



<t> ni {xi) 



<f>n N (xi) 



<t>m(xN) 



(f>n N (xN) 



Next we are going to study the action of operators in this space and show that is useful to 
introduce the notion of Fock space. Let h be an operator from L 2 to L 2 , then, hf(x) can be 
expanded as 



hf( X ) = [ dx> cP* n (x')hf(x>) 

n 

ee J2(n\h\f)<t> n (x). 



Later we will use this formula when / is an element of the base 4> m or cj) a . In that case we use 
the notation |/) — > \m) or |/) — > \a). 



Suppose, hk (k = 1,2) acts on Xk- Then, hitp{x\, x 2 ) reads, 



i=l 



i=l 



XI C nm{h\ + h 2 ) [(j)m(xi)<t>n{X2) ~ <Pm(x 2 )(j) n (xi)] 

y^Cnm \{k\h\m)cj) k (xi)(j) n {x 2 ) - {k\h\n)(p m (x 2 )(j) k (x 1 )} 

n>m k 

y^C nm [(k\h\n)(j) m (xi)(j) k (x 2 ) - (k\h\m)(f>k(x 2 )(f) n (xi)] 



n>m k 



m) 



n>m k 



<f>k(xi) (pk(x 2 ) 

4>n(xi) 4> n (x 2 ) 



(k\h\n) 

~7T~ 



<Pk(xi) 4>k(x 2 ) 

4>m(xi) 4>m{x 2 ) 



One can interpret ([2]) as hi transforming the state (n,m) into (n, k) and (k,m). It is know 
that it is convenient to separate this transformation into 2 steps. Namely, we first annihilate one 
particle, and, then, create one particle. For that purpose, we introduce a space which contains 
states with different particle number (Fock space). 

2.1 Fock Space 

Quantum state of the 1 particle system is described by the Hilbert space % as a space of 
L 2 functions. On the other hand, Quantum state of the N particle system is described by 
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ip(xi, ■ ■ ■ ,x n ) G %® N (we will write (H N )s for symmetric case and ('H n )a for anti-symmetric 
case). To treat states with different particle numbers, the Fock space is introduced as follows. 

T Ajs = C © {H) A/S © (H 2 ) A/S ©•••©, (H N ) A/S © • • • 

where C corresponds to vacuum. Now wave function is described as 



/ Ci \ 

v> (1) 0r) 

^ (2) (^1,^2) 



V 



G^A/S, ^ (n) (^l,--- ,Xn)G(H n ) A/S 



/ 



One can prove that the Fock space equipped with the following inner product is a Hilbert space. 
(iP,(f>) = CZC2+ f dx^ 1 >{x)^ l \x)+ [ dx 1 dx 2 ^ 2 >(x 1 ,x 2 )^ 2 \x 1 ,x 2 ) + --- 



( Ci \ 



\ 



( C 2 \ 

^ 2 \xi,x 2 



J 



\ 



J 



2.2 creation and annihilation operator 



Let Tl be a separable Hilbert space of L 2 function, and {(p a (x)} be a CONS of Ti. Then, let us 
define annihilation (a a ) and creation operators (b a ): 



(a a ip)^(xi, ■ ■ ■ ,x n ) = y/n + 1 / dx</> a (x)*if>( n+1 '(x,xi, ■ ■ ■ ,x n ) 



(3) 







n = 



(4) 



where plus sign corresponds to boson (S) and minus sign corresponds to fermion (A). Then, 
one can easily prove the following propositions. 



Prop. 1 



[a<x,b/3]± = 5 a ^l, [a a ,ap]± = [b a ,bp]± = 0, {a a )^ = b D 



where [•,•]+ and [•,•]_ represent anti- commutation relation and commutation relation respec- 
tively, and f represent Hermite conjugate in Fock space. Since b a is the Hermite conjugate of 
a a , we will denote b a as a a . 

For instance, suppose 



n 



o 
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then, we have 



( o \ 

4> a (xi) 



V '■ ) 



\ 



\ 




1 / 



V2 



In general, for operator A on H, a one particle operator A: T — > J- is defined by 
/ o \ 



Atp 



A^( Xl ) 



V 



ll>w(xl) 



4< 



J 



) " " " i -^n 



V 



We will express it in a very useful way. For this first note that due to Eq. © , we have 



1 %j 5***5 



With the aids of if)( n '(xi, ■ ■ ■ ,Xj,--- , x n ) = (±1) 3 ' -1 ^W (xj, x±, ■ ■ ■ , Xj-x, Xj+\ ■ ■ ■ , x n ), one rec- 
ognizes (see Eqs. (|3l4|) ) the component (aaa^ifj)^ i n the second line of the previous equation. 
Then, the one particle operator A reads 



A = J2( a \ A \P) a l a P> {<*\A\P) = dx (j) a (x)*A(f>^ 

a,p J 



(5) 



In a similar way, two particle operators can be defined. Let V(y, y') be a symmetric operator, 
i.e., V(y,y') = V(y',y), then, two particle operators on Fock space are defined by 



/ 



Vip 








y(yi,y 2 )^ (2) (yi: 



2/2 J 



"Ci<,-V(l/i»yj)^ (n) (»1>""" >I/n) 



V 



This operator can be rewritten in terms of creation and annihilation operators: 

V = (<x,P\V\a',P')at 

a,P,a',/3' 



(a,P\V\a',/3') = dxdx' (t) a {x)*(i) al {x)V{x,x')(j)p{x')*(t) 0l {x') 



Note: 
Let 



4>(y) = ^<t>a{y)a a , 
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then, A and V reads 



V 



A 




<W(y) t A$(y) 

/ dy dy' V>(y) t V>(y / ) t V r (?/, 2/0^(^)^(2/) 



3 C* algebra 



A satisfactory theory for nonequilibrium systems should include treatments of reservoir, sine 
system might be strongly influenced by them. 

The most common approaches to nonequilibrium systems involve those with Keldysh Green 
function and reduced density operator. Applicabilities of those methods are remarkable; however 
those might includes some fundamental problems. For instance, environments are traced out in 
the reduced density operator, thus, it is not possible to characterize states of system including 
environments. Also, the method does not give any insights for correlation between system 
and environments. On the other hand, Keldysh method is based on the existence of NESS 
and validity of the perturbation series, adiabatic switch-on for interaction. However, those 
assumptions are not always valid. 

There are other approaches to nonequilibrium systems, like steady state thermodynamics by 
Sasa and Tasaki [39], Zubarev ensemble |46j . Though assumptions of those methods should be 
on debate [%7] . 

Contrary to the methods described above, the method of C* algebra does not require as- 
sumptions for the switch-on of interaction, extrapolation from equilibrium. Although it can treat 
only specific systems, one can study natural steady states derived from a time evolution of full 
systems. C* algebra A is constructed as a set of observables with finite norms (the observables 
can be local elements in infinitely extended systems). 

Time evolution on A is described by a linear map r t : A — > A, and states ui is described by 
a positive linear functional on A: uj(A) > 0, u(aA + (3B) = auj(A) + uj(B) . 

Since norm of A is finite by definition and u) is positive, we have 



Therefore this method can describe behavior of infinite systems only with finite values. For 
instance, hamiltonian of total systems and canonical ensembles are mathematically ill-defined. 
Within the framework of C* algebra, we do not explicitly use them, and the framework is 
mathematically well-defined. 

We would like to remark that this framework is contrary to conventional quantum mechanics; 
namely, in conventional quantum mechanics, Hilbert space for state is introduced first, and then, 
linear operators on the Hilbert space are defined. 

The advantages of this method is that one can rigorously discuss the existence of NESS 
purely by dynamical time evolution, and it is not based on physically strong assumptions such 
as Markovianity and adiabatic switch-on d. In the following section, we are going to review the 
framework of C* algebra. 

3 The method is usually applied with purely mathematical motivation. S. A. thinks that Professor Tasaki's 
motivation was to study physically interesting system by using the rigorous results of the C* algebra 



co{A)\ < \\A\\ < oo 
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3.1 The definition of C* algebra and some examples 

Definition 3.1 A is a * algebra if algebra A is together with an involution * A — > A: 

• (,4*)* = A, {AB)* = B*A*, VA,B g A 

• (aA + f3B)* = a* A* + (3*B*, VA, B G A, Va, (3 G C , 
where a* denotes the complex conjugate of Q0. 

Definition 3.2 A is a C* algebra if * algebra A satisfies the following properties. 

• A is a is a Banach algebra with respect to a norm || • || < oo. 

• The following properties are satisfied for arbitrary A,B£ A: 

(i) ||AB|| < ||A|| 

(ii) ||A*|| = P|| 

(Hi) 1 1 AM| | = 1 1 A|| 2 (C* property) 

Example 1 (CAR algebra of spinless fermion) Let f G L 2 , and a& the annihilation oper- 
ator on its associated Fock space J 7 . An algebra A generated by 

a(/)* and identity element 1 equipped with a norm 



L 2 



dk |/(fe)| 2 , 



is C* algebra. 

Prop. 2 For the CAR algebra defined in the previous example, we have the following three 
properties. 

(i) a{c\f + C2g) = c\a{f) + ti^a(g), cj G C, f,g G h (antilinearity) 
(ii) [a(/),a(g)]+ =0, f,geh 

(Hi) [a(f),a(g)*] + = (f,g) L 2l, where (f,g) L 2 = J dxf(x)*g(x). 
Proof of (iii) 

[a(/),a(s)*]+ = / dkdk' f(k)*g(k')[a k ,al,] + 
= j dk f(k)*g(k)l 

Remark 1 

Elements of A can be approximated by finite sum of identity element 1, a (/i)* ■ ■ ■ a (f n )*, and 



4 Note that we assign a double meaning to *. It is the usual complex conjugate operation for complex number 
and also the involution on the elements of the algebra. 



a (gi) • • • a (g m ) with arbitrary precision. 
Remark 2 

The following theorem is well-known [Bratelli-Robinson 5.2.5] (Throughout this paper, Bratelli- 
Robinson means that statements are from Ref. [7]). 

Let h be a pre-Hilbert space with closure h and let A% (i = 1, 2) be two C* algebras generated 
by the identity 1 and elements aj(/), / G h, satisfying 

(i) Oj(ci/ + c 2 g) = c*ai(f) + c* 2 ai(g), Cj G C (antilinearity) 

(ii) [a i (f),a i (g)}+=0 

(iii) [«,(/), o i (5)*] + = </, g)l , 



for all f,g £ h, i = 1,2. It follows that there exists a unique *-isomorphism a : yli — >• .4.2 such 
that 

= a 2{f) 

for all / G /t. Thus, there exists a unique, up to ^isomorphism, C* algebra A = A(h) = A(h) 
generated by elements /(/), satisfying the canonical anti-commutation relations over h. 

Example 2 (Bratelli-Robinson 2.1.2) Let % be a Hilbert space and &(H) be the set of all 

bounded operators over %. Define sums and products of elements of B(7-L) in the standard 
manner, and equip this set with the operator norm 

\\A\\ =sup{p^||; <t>eH, ||0|| = 1} • 

Then, the adjoint operation satisfies the properties of involution, and with respect to this invo- 
lution and the operator norm, B(T~L) form a C* algebra. 

3.2 Spectral analysis on C* algebra 

In conventional quantum mechanics, observables are linear operators on the Hilbert space, and 
one measures their eigenvalues. In C* algebra, corresponding vector space does not exist, and it 
is not possible to discuss eigenvalues. In this subsection, we are going to discuss the spectrum 
of element A £ A, which is analogous to a set of eigenvalues. 

Definition 3.3 Let A be an algebra with identity 1 (Hereafter, we shall call unital algebra). 
The resolvent set rj^{A) of an element A £ A is defined as the set of A £ C such that (Al — A) 
is invertible and the spectrum a a of A is defined as the complement of r_^{A) in C. The inverse 
(Al — A) -1 , where A G r^(A) is called the resolvent of A at A. 

One of the simplest approaches to analyze resolvents and spectra is expanding resolvents 
with respect to A, and analytically continuing it. For A G C and |A| > ||j4||, resolvent can be 
expanded as 

v /A\ m 

(Al - A) -1 = A -1 22 ( y ) G A ' (completeness) (6) 

m>0 ^ ' 

Therefore, {A : A G C, |A| > ||A||} is a subset of r^(A), and spectrum o_a{A) C {A : AG 
C, |A| < \ \A\\] is bounded. 
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Note 

One can prove that o- A (A) is not empty. For spectrum of A, the spectral radius p(A) of A is 
defined by 

p(A) = sup{\\\,\£a A (A)} . 

Definition 3.4 (i) If an element of C* algebra satisfies A* A = AA* , then, A is defined to be 
a normal element. 

(ii) If an element of C* algebra satisfies A* = A, then, A is defined to be a self adjoint element. 
The set of all selfadjoint elements of A is denoted by A s . a . ■ 

(Hi) Suppose A has identity 1. If an element of C* algebra satisfies A* A = AA* = 1, then, A 
is defined to be a unitary element. 

Prop. 3 (Arai 3.8) A s . a . is closed. 

Throughout this paper, Arai means that statements are from Ref. |48| . 
proof 

Suppose A n £ A s .a., and A n — > A £ A as n — > oo. 

\\A n - A\\ = - A*\\. Combined with A n = A* n , we have A n ->■ A*. Therefore, A = A*. 

Q.E.D. 

Let us show some properties of spectrum. The following proposition is important. 
Prop. 4 (Bratteli Robinson 2.2.2, 2.2.5) 

(i) If Ae A is unitary (i.e. AA* = A* A = 1), then, a A (A) C {A : A G C, |A| = 1} . 

(ii) If A £ A is selfadjoint (i.e. A* = A), then, 
^(^)C[-||A||,||A||], o A {A*) C[0,||A|| 2 ] . 

(Hi) p(A) = lim^oo ll^ll 1 /™ = inf n H^ll 1 /™ < ||A|| 

We are going to prove (i) and (ii) with the aid of (iii). 
proof of (i) 
C* property yields 

\\A n \\ 2 = \\(A n )*A n \\ (C* C*property) 

= || (A n ~ 1 )* A*AA n ~ 1 \\ = || (A™ -1 )* A n_1 || = ••• = 1 . 

Thus, 

P(A) = 1 , 

and it follows 

a A (A) C {A : A G C,|A| < 1} . 
Similarly, p(A*) = 1, and A -1 = A* implies 

(M- A) = XA [A* - \l) . 
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Therefore, we have 



It follows 



and 



3(X1- A)' 1 ^3 (A* -jl 



\er A (A)&je r A (A*) 



A G a A (A) O - G 04 (A*) . 

Combining with /o(^4) = p(^4*) = 1, we have 

\ea A (A)^\\\ = l . 

In a conventional quantum mechanics, the same results can be derived for the eigenvalues of 
unitary operators on Hilbert space. Property (i) corresponds to the fact that the eigenvalues of 
unitary operators acting on a Hilbert space have modulus 1. 

proof of (ii) 



(=M) T 



(2i\\A\\)n+i 
implies that the Von Neumann series: 



< 



< 



(2\\A\\) n + 1 ~ 2™+! 



^ (2i\\A\\) n + 1 



n=0 



is convergent. It follows that (2i||^4||l ± A) 1 exists. Thus, Cayley transform K of A (this 
transform can be defined for unbounded operator and transform Hermiticity to unitarity): 

K = (ial - A)~ 1 (ial + A), a = 2\\A\\ 

is well-defined. By using, Hermiticity and the existence of (2i||^4||l ± A) -1 , and the following 
equality: 



(ial + A) (—ial + A) = (ial - A) (-ial - A) 



we have 



K* = (-ial + A)(-ial - A)' 1 
= (ial + A)~ x (ial - A) . 

Thus, KK* = 1 (K is unitary). One can also prove the existence of (K + and inverse 

Cayley transformation reads 



A = ia(K - 1)(K + l)- 1 . 
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Thus, resolvent of A is 

XI -A = XI - ia(K - 1)(K + l)" 1 

= {{X + ia)l + {X-ia)K}{K + l)" 1 



(—A + ia) 



X + ia 



-k\ (k + i)- 1 . 



-X + ia 

Since p{A) < \\A\\, we only need to discuss |A| < ||^4||. With the restriction, we have 



| — A + ia\ = — X + 2i 

It follows 

3(A1 -A)- 1 3 
Therefore aj^ (A) is a subset of R: 



> 2 



A > 



A + ia 
-X + ia 



1-K 



In addition, p(A) 
• A > 



AGcr^(A) A , + Z " £ 04 (K) C {a : a £ C,\a\ = 1} 

—A + ia 

44> A + ia = — A + ia 

44> ImA + a = — ImA + a 

<^ X e R 

gives a a {A) C [— \\A\\, \ \A\\] . Finally, let us study the resolvent of A 2 . 



(Al - A 2 ) = (-v/Al - A)(\/~X1 + A) implies that A <E a{A 2 ) is equivalent to VX € <r(A) or 
— a/A € cr(A). Thus, resolvent does not exist for A G [0, ||A|| 2 ]. 



A < 

(Al - A 2 ) = (iy/\X\l - A^j (iy/\X\l + A) . Combining with a A (A) C 
vent of A 2 exists for A < 0. 



, resol- 



Thus, we have a A (A 2 ) E [0, \\A\\ 2 }. 

Q.E.D. 

We only give an explanation for (hi) (see [Bratteli Robinson 2.2.2] for a complete proof). 
The expansion of resolvent with respect to A -1 reads 



Rx(A) 



1 



A 



(7) 



This series is absolute convergent when 

oo 1 

V 1 lUnn 
n=0 1 1 

is convergent. Thus, the series (J7J) is convergent for 

- = lim \\A n \\^ n < |A| 

a n— >co 

Hence, 

lim \\A n \\ 1 / n > p(A). 
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Prop. 5 p(A) = \ \A\\ for a normal element A £ A. 
proof 



p{A) - 

From C* property and normality, we have 

IW 2 " 1 1 2 = 



lim H^ll 1 /™ 

iim lum 1 / 2 * 



Therefore, 



1^2" 1 11/2" 



I (AM) 2 " 1 1 
I (AM) 2 "" 1 1 1 2 

\A*A\f 

\A\r +i . 



\A\ 



(C* property) 
(normality) 



as n — > oo . 



Q.E.D. 



Definition 3.5 A £ A is defined to be positive if A* = A and oa (A) C R+ = {A : A G R, A > 

0}. If A is positive, we denote A > 0, and the set of all positive elements of A is denoted by 
A+. 

Prop. 6 (i) a A (Al - A) = A - a A (A) 

(ii) a A (XA) = Xo A (A) 

(Hi) Let A £ A be an invertible element, then, 

a A (A- 1 )={\\ : l/\ea A (A)} . 



(iv) a a (A*) = a a (A) 

(v) a a (AB) U {0} = oa (BA) U {0} 
proof of (i) 

p G a a (Al — A) <^ (A — p)l — A is not invertible. 
<^ A - p G oa (A) p G A - oa {A) 
proof of (ii) 

For A = 0, the relation obviously is satisfied because of oa (0) = {0}. Let us suppose A / 0, 
then, 

p G oa {XA) XA — p is not invertible. 44> [A — ^l) is not invertible. 4=> p G Xoa {A) 
proof of (iii) 

Since A is invertible, we have G r A {A). Let us suppose A 7^ 0. 

Because of A -1 — A _1 l = — X~ 1 A~ 1 (A — Al) , the existence of (A -1 — A _1 l) _1 and the existence 
of (A — Al) -1 is equivalent. 
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proof of (iv) 

The claim follows from (Al - A)* = (XI - A*). 
proof of (v) 

Suppose A G r_4 (BA), then, 

(Al - AB)(1 + A(X1 - BA)' l B) = Al . 

Therefore, Al — AB is invertible for A G r_4 (BA) with a possible exception A = 0. Therefore, 
a A (BA) U {0} D a A (AB) U {0}. Similarly, we have a A (AB) U {0} D (J3A) U {0}. 

Q.E.D. 

Prop. 7 (i) a A (A) C [0, \\A\\\, VA G A*. 
(m,) VA < 0, (A - Al)" 1 G Af . Moreover, 

||(^- ai)- 1 ]! < . 

proof of (ii) 
With the aid of 

a A ((A-\l)- 1 ) = {-L-: li£a A (A)\ , 

and (i), we have 

^((A-Al)- 1 )c[l/(||A|| + |A|),l/|A|]. 

Q.E.D. 

Prop. 8 (Arai 3.31) A + is closed. 
proof 

Suppose A n G Af, and A — > A G A as n — > oo. Since A.a. is closed, we have A G A.a.- 

It is sufficient to show that A — Al is invertible for A < 0. Let us assume that A is negative. 

Then, positivity of A n yields A G r A (A n ), and thus, A n — Al is invertible. Therefore, 

A- XI = (A - An) + (An — XI) 

= {(A - A n ) + (A n - Xl)}(A n - Xl)-\A n - Al) 
= {(A-A„)(A n -Al)- 1 + l}(A n - Al) . 

Since A n — Al is invertible, A — Al is invertible, if and only if, {(^4 — A n )(A n — Al) -1 + 1} 
is invertible. Thus, it is sufficient to show —1 G r A ((A — A n )(A n — Al) -1 ). For all positive 
number e, there exists a natural number no such that 

\\A n — A\\ < e, Vn > no . 

Combining the previous estimation with proposition, we have 

IKA-AnXAn-Xl)-^ < \\A-A n \\\\(A n -Xl)~ l \\ 

< j-n- , Vn > n . 

By taking -4t < 1, we have p ((A — A n )(A n — Al) -1 ) < 1 for n > no, and hence —1 G 
r A ((A-A n )(A n -Xiy l ). 

Q.E.D. 
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Prop. 9 Let A be a C* algebra A, then, the following five properties are satisfied: 

(i) A selfadjoint element A is positive if, and only if ||1 — ^4/||t4|| | < 1. Moreover if a 
self-adjoint element A satisfies ||1 — A\\ < 1, then A is positive, and \\A\\ < 2. 

(ii) A selfadjoint element A is positive if, and only if A = B 2 for some B G A s . a . If A is 
positive, there exists a unique positive B such that A = B 2 . Moreover, if A is commutable 
with C, i.e. AC = CA, (C G .4), then, B is also commutable with C, i.e., BC = CB. 

(Hi) Let A\ A2 G A be positive elements, then, c\A\ and c\A\ +C2A2 are positive for ci, C2 > 0. 

(iv) If A is self-adjoint, then, A + A_ = and A = A + — A_ for some positive elements A±. 

(v) A is positive, if, and only if, A = B*B for some B G A. 
Note for (ii) 

From the uniqueness of B for positive elements, the square root of A G A+ is well-defined, and 
is usually denoted by A x l 2 or y/A. Since A 2 G A+ for selfadjoint element, we define modulus of 
the selfadjoint elements by |^4| = V A 2 . 
Note for (iv) 

The decomposition A = A + — A_ is referred to as the orthogonal decomposition of A. 

Lemma Let A,B £ A+. If A + B = 0, then, A = B = 0. 
proof 

A = -B implies 04(^4) C [-||S||,0]. It follows 

a A (A) = a A (B) = {0}. 

Thus, we have A = B = 0. 

Q.E.D. 

proof of (i) 

Suppose A G A+, then, a A (1 - A/\\A\\) C [0,1]. Thus, p(l - A/\\A\\) = ||1 - || < 1. 

On the other hand, suppose ||1 — j4/||^4|| || < 1. Since o A (A) C [— ||A||, \\A\\] for a selfadjoint 
element A G A, we have 

^(l-A/|L4||)c[-l,l] • 

With the aid of Lemma, we have a A (A) C [0, 2||j4|| ]. 
proof of (ii) 

o~ A (B 2 ) C [0, ||-B|| 2 ] implies that B 2 is a positive element for a positive element B G A+. Let 
us prove the existence of B for positive elements A. Let us define B as 



™ ( Ay 



71=1 

OO 



v 7 ! - x = 1 + c n : 



n=l 

From (i), we have, ||1 — A/||^4|| || < 1, thus, the series in the definition of B is convergent in A. 
Let C = 1 - 4/||A||, then, 

B 2 = \\A\\ (l + |>"l Cn ) 
= \\A\\(1 - C) = A . 



15 



With the aid of (i), ||1 — -B/||-B|| || < 1 is equivalent to the positivity of B. Because of C*property 
and the self-adjoint property of B, we have 



11^11^ = \\B*B\\ = \\B Z \\ = 
Combining with c n < and ||C|| < 1, we obtain a desired inequality: 



B 




B 


1 "M 







< 



n=l 



X>iicii b 

OO N 

i+X>ncir 



n=l 



Thus, B is positive. 

From the definition of B, it is obvious that B commutes with any elements which are commutable 
with A. Next, we are going to prove the uniqueness of an element B. Let us assume that the 
second positive element B' exists. Let B = C 2 , B' = C' 2 . One can easily prove that A, B, B', C 
and C commute each other. Thus, we have the following equality. 

= (A - A)(B - B') 

= (B 2 - B' 2 ){B - B') 

= (B- B')B(B - B') + (B- B')B'(B - B') 

= {(B - B')C} 2 + {(B - B')C'} 2 . 

Since (B — B')C is selfadjoint, {(B — B')C} 2 and {(B — B')C'} 2 are positive. Applying a lemma, 
we have 



It follows 



{(B - B')C} 2 = {(B - B')C'} 2 = . 

= {(B - B')C} 2 - {{B - B')C'} 2 
= (B-B'f, 



and 



(B - B'f = . 
From C* property and Hermiticity, we have 







(B - B') 



Mi 



(B - B 



/\2i|2 



\B-B 



Thus, B is unique, 
proof of (iii) 

ci > implies cr(ciAi) = {A : A/ci G cr(^i)} C {A : A/ci G [0, ||^4i||]} = [0,ci||Ai||]. Thus, ciA ± 
is a positive element. Let p = ci||Ai||/(ci||Al|| + C2IIA2II) < 1- With the aid of 



A 1 , s A 
p—L. + (l-p) 



Ao 



c\A\ + c 2 A 2 
cill^iH + C2WA2 
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we have 



< p 



c\A\ + c 2 A 2 

||ciAi + C 2 ^ 2 



.4, 



I A 2 



< 1 . 



Therefore, c\A\ + C2A2 is a positive element, 
proof of (iv) 

Let A± = ^2~ ) then, A = A + — A_ is obvious. From the definition of A, one has |A| 2 = A 2 , 
and thus, ^4|^4| = \A\A, and it follows 

AA + A_ = {\A\ + -A) = A 2 + A\A\ - \A\A - A 2 = . 

Next, we are going to prove a positivity of A±. Since proofs for A + and A- are the same, 
we only show the positivity for A_. Because A± is selfadjoint element, one should prove ||1 — 
A±/||A±|||| < 1. Since nA 2 £ A+, 1 + nA\ is invertible for n G N (proposition ), 

A n = nA 2 _{l + nA 2 _)- 1 

is well-defined. It follows 

\A\A n = A_A n , A_A n -A_ = -A_(l + nA 2 _)-\ 

and it implies 



\\\A\A n -A. 



\A-(l + nAi 



-li|2 



< \\(l + nA 2 _r l Al\\ Wil+nAl)- 1 ] 
where we have used the C* property and 

1 



1 



n 



1 + nAty' Ai(l + nAty'W 
l-(l + nA 2 _r l \\ \\{l+nA 2 _)-% 



1 + nA 2 ± )- l A 2 ± = -(!-(! + nAl)- 1 ) 



n 



a a (l + nA 2 _ ) C [l,oo) yields that a a ((1 + nA 2 _ and a a (l - (1 + nA 2 ,)' 1 ) are subsets of 
[0, 1], and thus, the right hand side of the equation ([8]) is less than or equal to 1/n. Therefore 
we have 

lim \A\A n = A- . 



Moreover |j4|^4 n reads 

\A\A n 



\A\ 1 / i \A^ 2 {l/n + A^y 112 ^] 1 / 2 ^ 1 



1/4 



hence, it is positive. Since A+ is closed (proposition 8), we conclude that A- £ A + . 
proof of (iv) 

Proposition implies that for any positive element A, there exists an elements B such that A = 
B*B. Conversely, we need to prove the positivity of B*B for any B £ A. Since B*B S A s . a . is 
unitary, there exists positive elements C and D such that 



B*B = C - D, CD = 
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We need to prove!) = 0. The positivity of 

— (BD)*(BD) = —DB*BD = -D(C - D)D = D 3 
yields a^({BD)*(BD)) C (-00, 0]. Next, we decompose BD by selfadjoint elements S, lH. 

BD = S + iT 

Then, (BD)(BD)* reads 

(BD)(BD)* = {S + iT){S - iT) = S 2 + T 2 + i(TS - ST) = -{BD)*(BD) + 2S 2 + 2T 2 . 

Since -(BD)*(BD), 2S 2 , and 2T 2 are positive, we conclude that (BD)(BD)* is positive. 
Thus, we have oa((BD){BD)*) C [0, ||S|| 2 ||D|| 2 ]. With the aid of proposition^ we have 
a A ((BD)*(BD)) C [0,\\B\\ 2 \\D\\ 2 ]. 

Recall that we have already — {BD)*(BD) G A+, and hence we conclude 04 (—{BD)*(BD)) = 
CT4 (D) = {0}. Since D 3 is normal, proposition 5 yields \\D 3 \ \ = = ||-D|| 3 , and hence D = 0. 

Q.E.D. 

4 Time evolution on C* algebra A 

As we have stated in the introduction, one of the main motivations to introduce C* algebra was 
to avoid a mathematically ill-defined observables, such as hamiltonian of infinite systems. In 
addition, states also do not have asymptotic limit since e~ tHt oscillate very frequently, and thus, 
it is crucial to establish a theory which describes the time evolution of local observables without 
using a hamiltonian. Indeed, this divergence problems is crucial in mesoscopic systems, but still 
one can study interesting local observables such as density of local electrons, current etc. In 
this section, we shall present the time evolution on C* algebra, which formally agree with the 
time evolution described with a hamiltonian. Namely, the idea is to introduce a generator of 
time evolution Tt(A) of local observable A € A which formally matches conventional quantum 
mechanical time evolution A(t) = e t Ae~ " (R.H.S. is ill-defined and it only has a formal 
meaning). We axiomatically impose the following properties on the time generator tj(-) : A ^ A 
(strong continuous *-isomorphism group). 

(i) T t (aA + f3B) = ar t (A) + Pr t (B), Va,/3 G C, VA, B G A (linear) 
T t (AB) = T t (A)T t (B), VA,B£A 

r t (A*) = T t (A)* 

(ii) t s {r t {A)) = T s+t (A), t (A) = A (group property) 

(iii) lim^o ll T t( j 4) — A\\ =0, (strong continuity) 

We remark that a map <f> satisfying the condition (i) is referred to as a *-morphism. Moreover, 
if *-morphism is one-to-one, then, it is called *-isomorphism. 

Let us consider the decomposition of A £ A into two selfadjoint operator. Let us define A rc = (A + 
A*)/2, Ai m = (A — A*)/2i, then, A le and Aim are selfadjoint, and they satisfy 

A = A TC ~\~ iAira . 

We note that A le and Aim are referred to as real part and imaginary part, respectively. 
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Prop. 10 Let n be a group of strong continuous * -isomorphism over A. Then, tj(1) = 1 and 
\\r t (A)\\ = \\A\\. 

Lemma (A) = oj± (rt(A)) for A G A s . a .- 
proof of lemma 

Let A G A s .a., and let A G r_4 (A), then, we have the following equality: 

(Xl-rM^TtiiXl-Ar 1 ) = {r t {\l)-T t {A)}T t {{\l-A)- 1 ) 

= T t (Xl — A)r t ((Al — A)^ 1 ) (* — isomorphism) 
= T(((A1 — ^4)(A1 — ^4) _1 ) (* — isomorphism) 

= n(i) = i 

Thus, Al — Tt(A) is invertible, and it follows A E r(rt(A)). Conversely, let A G r_\ (rt(A)), then, 

r_ t ((Al-r t (,4))- 1 )(Al-A) = T. t {(\l - T t (A))- l ) T . t {T t {\l - A)) (group property) 

= r_ t ((Al - T t (A))~ 1 (Xl - T t (A))^j (*- isomorphism) 
= r_ t (l) = l . 

Thus, we have A G r(A). We conclude (A) = rj± (r t (A)), which follows a a (A) = a a (rt(A)). 

Q.E.D. 

proof of proposition 

Applying T t (T^ t (A)) = A, we have 

r t (l) = rt(l)rt(r_t(l)) (group property) 
= 7i(lr-_j(l)) (* — isomorphism) 
= Tt(r_t(l)) = 1 . (group property) 

Suppose A G A s .a., then, following the previous lemma, we have a a (A) = a a (jt(A)). 
Applying proposition 5 for A, we have ||^4|| = p(A) = p(r t (A)) = \\rt(A)\\. 
Suppose A is not selfadjoint, then, we have 

P|| 2 = \\A*A\\ = \\r t (A*A)\\ = \\T t (A)*T t (A)\\ = \\r t (A)\\ 2 . 

Q.E.D. 

Prop. 11 Let A be a C* algebra. For a group of strong continuous * -isomorphisms Tt over A, 
there exists a dense subset T>(5) of A and linear operator 5 on T>(5) such that 



lim 



T ^ A) - A --5(A) 



t 

Moreover, 

(i) 1 G D(5) and 5(1) = 0. 

(it) If A, B G D(5), then, AB G D(5) and 5(AB) = A8(B) + 6(A) B 
(Hi) If A€ D{5), then, A* G D(5) and 5(A)* = 5(A*). 



0, G V(5) . (8) 
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This element 6 corresponds to a derivative (5 = ^^-\t=o), and is referred to as a generator of t% 
in the doming T>(5). 
Remark 1 

This proposition is proved without using differentiability. Thus, if strong continuity is imposed 
on a self map, then, derivative exists for almost all elements in the C* algebra in the sense of 
this proposition, 
proof 



Let 



V{5) 



| A e = i J dse~ s/e T s (A) : e > 0, A G a\ 



First let us prove that T>{5) is dense in A. It is sufficient to show \\A e — A\\ — > as e — > for 
any A G A (Any element in A can be approximated by A e G D(5) with arbitrary precision.). 
With the aid of the strong continuity and the equality: 



- / dse~ s/t ds = 1 , 
e Jo 

one can easily see ||j4 e — ^4|| — > as follows: 



lim \\A e - All 



lim 

<E~>0 



lim 

e~^0 



lim 



< 



1 f'OO 1 f'OO 

- / dse- s/e T s (A) - - / dse~ s/e A 
e Jo e Jo 

f-oo J„ 

/ ^e~^{r s (A) ~ A} 
Jo € 

POO 

/ dse- s {r ts (A)-A} 
Jo 

roo 

lim / dse~ s \\T es (A) - A\\ 
^°Jo 



(9) 



Therefore we conclude T>(5) = A, where T>{5) represents a closure of T>{5) with respect to the 
norm we discussed^ . Next, we are going to prove equality ([5]). For any element A e G *D(5), let 
us define S(A t ) by 



5{A t ) = - e {A € -A) . 
Linearity of 5 is obvious. For arbitrary A G A, we have 



(10) 



T ~e-^r s+t (A) 
Jo e 

Jt e 



^A f 



e Jo 



ds 4=2 , 

— e « t 8 (A) 



(l-s)t 



Rigorously speaking, limit of @ should be treated more carefully. 
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Therefore, we have the following inequality: 



T t (A e ) - A t 



t 



5(A e 



r t (A t ) -A t A e - A 



t 



5*/ £ -1-t/t 



(i-s)t A 
A £ - - / dse « r to (A) + - 



< 



3*/ £ -1-t/t 



\A e \\ + 



+ - 



1 



1 



(l-s)t 

dse « ||T ts (A)-A| 



dse 



(1-3)* 



LAI 



By taking a limit of t — > 0, we have the desired equality: 

r*(A e ) - A 



lim 

t->o 



5(A e 







Let us prove the properties (i)-(iii). Thanks to 7t(l) = 1, we obtain 

n(i) - i 



lim 

t->o 



t 







. 



Let A,B e T>(5), then 
r t (AB) - AB 



{6(A)B + A5(B)} 



n{A)T t {B) - Ar t {B) + Ar t (B) - AB 



5(A)r t (B) + 5{A)r t {B) - {5(A)B + A5(B)} 
Tt{A \~ A T t {B) - 5(A)r t (B) + 5(A)r t (B) - 5{A)B + A^-— - - A5(B) 



< 



rt(A) - A 



5(A) 



\r t (B)\\ + \\5(A)\\\\r t (B)-B\\ + \\A\ 



n(B) - B 



8(B) 



(t ->■ 0) . 
Thus, (ii) is proved. For A G D(5), we have 

n(A*)-A 



r t (A) - A 



6(A)* 



5(A) 



T t (A)* - A* 



5(A)* 



(t->0), 



hence (iii) is proved. 



Example 3 (Spinless fermion in d dimensional space) For this example, we make a 
rough argument which show that D(5) is not equal to A. Let us think of a CAR algebra discussed 
in ExampleUl For a(f) = J f(k)*a,)- dk, we define a following time evolution: 



rt(a(f)) 



f(k)*a k dk 
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= \Jj\f(k)\ 2 dk implies 



\\rt{a(f))\\ = JJ \f{k)\ 2 dk < oo , 
and thus, r% is well-defined for any a(f) G A. On the other hand, formal calculation gives 



ll*(«(/))ll = J J u%\f(k)\* dk . 

R.H.S. can be divergent, and has meaning only for some a(f) G A. It means that domain of 
derivative is not equal to A. 

Proposition [TT] claims that a time generator 5 exists for Tt- On the other hand, the existence 
of n for a given time generator 5 is much more difficult to prove, and individual problems are 
usually discussed using the Hille Yoshida theory of semi-group. However, there are some general 
results for perturbative systems. 

Prop. 12 Let A be a C* algebra, and n be a group of strong continuous * -isomorphisms over 
A. Let us define T t G A as a solution of 

T t = l + i [ dsr sTs {V) (11) 
J o 

for V G A s .a. ■ Then, 

(i) Tt is unitary. 

(ii) T t+S = T t T t (T s ) 
(Hi) 

rY(A)=T t r t (A)T* CAGA) 

is a group of strong continuous * -isomorphisms. Thus, generator ofrY exists for A G T>(5). 
Let 8 V be a generator of tY for A G T>{5). Then, it has the following form: 

5 v {A) = S(A) + i[V,A] (12) 



Remark 

Here, let us formally discuss the relation between conventional quantum mechanics and this 
theorem. Let us study perturbative systems H = Hq + V . Then, time evolution operator 
is denoted by U = e~ %Ht (or one can say that U changes Schrodinger picture to Heisenberg 
picture). Let As be an arbitrary observables in Schrodinger picture, and let us define Uq, Ah, Aj 
as Uq = e~ lHot , Ah = U^AU,Ai = UqAUq- Then, ensemble averages of observable Aff(i) read 

(A H (t)) = tr{A 8 Uport} 
= tv{U^A s Up } 
= triAjit^UpoU^Uo} 
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Usually, Uj = UqU is used as a time evolution operator in interaction picture. Here, we shall 
define T t = U^Uo, instead, then, Ajj(t) 

.dT t 



dt 



TfAj(t)T^ . The equation of motion forl^ reads 



i(e im e- iHot )' 
ie im (iH -iH )e~ iHot 
-tfVU 

-rtuoiilvuo 

-T t ulvU 



We shall define Tt(A) as UqAUq. Then, this equation corresponds to the time derivative of 
Eq. (|lip . On the other hand, Heisenberg equation of motion for Ajj{t) is given by 



dA H (t) 



dt 



i[H,A H (t)] 



t=o 



t=o 



i[H ,A H (t)] 



t=o 



i[V,A H (t)} 



t=o 



The first term corresponds to 5(A) in equation (|12|) . Roughly speaking, we separate evolution 

with Hq and and r(-) is used to avoid free hamiltonian evolution Hq. 

proof 



1 + i I dsT s (V) + i z I ds 2 



o 







+ • • • + V 







ds n / ds n - 



l ■ ■ ■ 



o 



d Sl r Sl (V)r S2 (V) 

d Sl T Sl (V)r S2 (V)---T Sn (V) + 



(13) 



is a solution of the integral equation if the limit exists and it is continuous with respect to t 
(This series corresponds to the Dyson series in the conventional quantum mechanics). With the 
aids of an inequality: ||t s1 (V) • • • T Sn (V)|| < ||T ai (V)|| • • • ||T an (V)|| = ||^|| n , we see that 



1 + 



< 1 + 



dsr s (V) 



+ ••• + 



ds n / ds n -i 



*2 



ds||r.(V0|| + 



+ 



o 



ds n 



o 



ds 



n-l 







ds 1 r Sx {V)T S2 {V)--T Sn (V) 



ds x \\T Sl (y)r S2 {V)--T Sn {V)\\+--- 



< 1+ / ds\\V\\ H + / ds n I ds n _i 

t r 



*2 



d Sl \\V\\ n + 



l + t \W\\ + 



+ 



\v\\ n + 



< +oo 



is absolute convergent for t > 0. Similarly, one can also prove the convergence for t < 0. 
Thus, (|13p is norm-convergent, and it is a solution of the integral equation. Since (|13p is norm- 
convergent and every term is differentiable, one concludes that this solution is differentiable, 
and hence 

d„ 



dt 

d r * 
Jt l 



iY t T t (y) 

-ir t (V)Tl 



7 This argument is only to have a intuition, and not correct statement. 
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Moreover, one can easily see that (1^1^) is t independent: 

|(i\r t *) = ^r* + r t ^ = aVi(v)rj - iiwv)r* = o , 

and thus, we have FtT^ = ToTq = 1. Next, let us prove T^Tt = 1. 

^ t (T* t T t ) = -i[T t (V),T* t T t ) 

implies 

r*r t - i = -i I dt[r t (v),r t r t } = -% f dt[ n (v), r* t r t - 1] . 

JO Jo 

Let Ri(t) = £ds\\T* s T s - 1||. With the aids of the previous equality, we have the following 
inequality for t > 0: 



dRxit) 
dt 



\\T* t T t - 1|| < f dt\\[r t (V)X t Tt - 1]|| < 2||V|| fdt\\T* t T t - 1|| = iWVWR^t) 
Jo Jo 



Multiplying the previous inequality by ^pTyp, we obtain 

— 2|] V-M* e -2\\V\\t dR ( t) 

o < - nrrr* - ill = - u ; < e" 2||y|| *i?! (t) 

- 2||F|| 11 ' f 11 2||y|| dt ~ e Ul[) 

= iy S ±{e-^s Rl{s)} = J*dse~^s{^M _ 2 ||F||iM*)} < . 

We conclude that F t is unitary. 

Next, we are going to prove the property (ii), i.e., T s+t = r s r s (rt). 

■a t _ Q = 1 and —T*T t+s = iT* s T t+ sTt+ s (V), we have 



With the aids of T*T 



r:r /+ . 



ft ft ft"2 

1 + i dtxTs+t^V) + i 2 / dt 2 / dhTs+t^V^+t^V) 
Jo Jo Jo 

ft rt n l-t'2 

+ ---+i n dt n d^_i • • • / dhT s+tl {V)T s+t2 (V) ■ ■ ■ T s+tn (V) + 

Jo Jo Jo 



1 + ijf dhrsin^V)) + i 2 dt 2 j 2 dtiT s (r tl (V)T t2 (V)^ 
+ ■ ■ ■ + i n jT dt n jT" dtn., ■■■ j'' dhr s (r tl (V)r h (V) ■ ■ ■ r tn (vfj +■■■ 

rJi + i [ dt ini (V) + i 2 [ dt 2 1 2 dtm^vyt^V) 
Jo Jo Jo 

dt 1 T tl {V)r t2 {V)---r tn {V) + ---) 



ft rt n 

+ --- + i n I dt n I dt n _i--- 



Ts{T t ) . 



Unitarity of T t gives a desired equality. 

Finally, we prove that (A) = TtTt(A)Tt is a group of strong continuous ^isomorphisms. 
It is obvious that is linear. In addition, 



r t v (AB) = T t T t (AB)T* t = T t r t (A)r t (B)T* = T t r t (A)T* t r t r t (B)r* t = r t (A)r t (B) 
tY(A*) = T t T t (A*)T* t = T t T t (A)*T* t = (T t T t (A)T*y = r^(A)* 
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follows that tY is a *-isomorphism. Moreover, it satisfies 

tY(tY{A)) =r t r t (r a r a (A)r:)r t * = r t r t (r s )r t (r 8 (A))r t (r:)rj 
= r t r t (r s )r t+s (A)r t (r s )*n = r t+s r t+s (A)r t % = rY +s (A) . 

Thus, tY is a group. Strong continuity follows from 

\\tY(A)-A\\ = \\T t r t (A)T* t - A\\ 

< \\T t (T t (A) - A)T* t \\ + \\r t AT* t - AT* t \\ + \\AT* t - A\\ 

< \\ Tt (A) - A\\ + \\A\\\\T* t - 1|| + \\A\\\\r t - 1|| 
->■ , as t — > . 

Recalling, \\(r t (A) -A)/t- 6(A)\\ -> and ||(r t - l)/i - iV|| -»• for the limit t -»• 0, we have 

^(A)-a = r,r t (^)n-A = 7^(A)-A r,-i r| - 1 
t * ****** 

-> 6(A) + iFA - = 6(A) + i[V, A], as * -»• , 
for any A G 2?(<5) i n a sense of norm convergence. Therefore, generator 6 V of tY reads 

6 V (A) = 5(A)+i[V,A] . 

Q.E.D. 

Proposition [12] gives a time generator for autonomous systems. Time evolution with non- 
autonomous perturbation can be described by the following proposition. 

Prop. 13 Let A be a C* algebra, and Tt be a group of strong continuous " '-isomorphisms over 
A. 

Let us define £ A as a solution of 

r t ,s = l + if dhTt^rt^V^i)) (14) 
J o 

for V G A s .a. ■ Then, 
(i) Tt a is unitary. 

(a) T t . s = r sl)S r sl _ s (rt )S1 ), Vsi,s,t g r 

(in) TY s (A) = Tt,sTt- s (A)Ti s 

is a group of strong continuous * -isomorphisms which satisfies 

irY s (A) = rYs(s(A) + i[V(t),A]), VA^V(6) . 



dt 

proof 



^ ft Ptn ft 2 

T t!S = l + J2 in / dt n / dt n -f- dt X T tl - s (V(t 1 ))T t2 - s (V(t 2 ))---T tn - s (V(t n )) (15) 
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is a solution of the integral equation if the limit exists, and it is continuous with respect to t. 
\\n(A)\\ = \\A\\ follows 

||r tl _.(V(ti)) • • • T tn - s {V(t n ))\\ < Wrti-siVfaM ■ ■ ■ \\T tn - a (V(t n ))\\ = K(t, s) n 



K(t,s) 



With the aids of this inequality, we have 



sup \\V(r)\\ . 

s<r<t 



71=1 



dtr 



dtn-!--- / dt 1 Tt 1 -s{V(t 1 ))Tt 2 - 8 (V(t 2 ))---Tt n - B (V(t n )) 



<l + Y,K(t, S ) n / dt n / dtn., 



71=1 

oo 



dU 



1 + £ = e K ^- s ~> < 



n=l 



til 



for t > s. Thus, (|15p is absolute convergent. In a similar way, one can prove that the series (|15|) 
is norm-convergent for £ < s, and thus the series (fT5j) is a solution of the integral equation, 
proof of (i) 

Since V(t) is selfadjoint and Tf(-) is *-isomorphism, we have Tt(V(t))* = Tt(V(t)). Thus, differ- 
entiating (fT4j) with respect to t, we obtain 



dt Tt ' s ~ 

It follows that (I\ )S r| s ) is t independent: 



iT t , s T t - s (V(t)) 

-in-s(v(t))ri a . 



^(r M r*J = iT t>s T^ s (V(t))T* t>s - iT t , s T t _ s (V(t))Tl s = o 



Therefore, we have Ft ,r 



t,s L t,s — ^s,sF s s 



1. Next let us prove (Tj s r tiS ) = 1. Integrating 



-(Tl s r t>s ) = -i[ n ^(v(t)),r*^t, s ] 



from s to t, we obtain 



i = -i f dt[r t -s(v(t)),r* tjS r tjS ] = -i f dt[T t . s (v(t)),ri s r tiS - 1] . 

J s J s 



Therefore, the following inequality is satisfied for t > s: 
dRt(t) 



dt 



in, s r t . 



< 



dt> \\[r t , _ s (v(t%r;,r t ,, 



Ri(t) 



< 2K(t, s) f di'||r* v IY )S - 1|| = 2K(t, s)i?i(t) 

is 

o< ||r* s r t)S -l || < 2K{t,s)Ri (t) 
t 

||r£ g iv s — 1|| 
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From R(s) = and the previous inequality, we have 

e -2K(t,s)t 

£ mM» r ^- 1 » 

r-t 



Combining < K(t', s) < K(t, s) (t' < t) and - 2K(t', s)-Ri(i') < 0, we have 

-2K(t,s)t 

s ^m""^- 1 "" 



J* d£e- 2K W { - 2K(t, s)^ (t')} 



< . 

Therefore, 17 s T t>s = 1, and thus I\ )S is unitary, 
proof of (ii) 

d 
dt 



Let y(t) SuS = r* i s r i>s . By integrating — r* 1>s r t;S = iT* ls T ttS T t - s (V(t)) from si to i, we obtain 



where we have used T* s T t 



y SuS (t) = 1 + i I dti y.^{t{)Ttf- a {V{t 1 )) , (16) 

J si 

1. The solution can be expressed by the following series 



t=Sl 

(One prove the convergence of the following series with the same arguments we have done to 
prove the convergence of series (|15H . ) : 



00 ft rt„ rt 2 

y sus (t) = l + ^i n / dt n dt n -f- dt 1 T tl - s (V(t 1 ))T t2 - s (V(t 2 ))---T tn - s (V(t n )) 

^ J si J Si J Si 



It follows 



r si,s r *,s 



1 + Ys in dtn dtn-l--- dt 1 T sl - s U 1 - sl (V(t 1 ))T t2 - ai (V(t 2 ))---T tn - sl (V(t n ))) 

n =l J* 1 ! Jsi Jsi ^ 

r Sl _ s (l + ^i n / dt n dtn-!--- dt 1 Tt 1 - n (V{t 1 ))Tt a -s 1 {V(h))---r tn -s 1 (V(t n )) 

1 isi JSl J Sl 



n=l 

= r Sl _ s (r tjSl ) . 

Thus, we have T t)S = r si)S r sl _ s (r t)S1 ). 

proof of (iii) 
Firs~ 

rl(A) = r t , s r t - s (A)Tl s , ^AeV(8) 
is obviously linear. In addition, 



f.s 



r t v jS {AB) = T tyS r t _ s (AB)Tl s = T tyS T t „ s (A)T t - s (B)r 

= T t , s T t _ s (A)ris T t,sTt-s(B)Tl s = tV(A)tV(B) 

rl(A*) = r t>sTt - s (A*)rt )S = r t>s r t _ s (A)*r* s = (r M r t _ s (A)r*,)* = r£(A)* 
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implies that tY s is a *-isomorphism. Strong continuity follows from 
\\tV s (A)-M = \\T t ,sTt-s(A)Tl s -A\\ 

< \\v t>s {r t . s {A) - A)r* t j + ||(r t>s - i)Ar*j + \\A(r* tjS - 1)|| 

— > , as t — > s . 
Next, let us prove the group property. Since tj is a *-isomorphism, we have 

< s « tl (^)) = r tl , sni _ s (r Ml n_ tl (A)r* tl )r t * 1)S 

= r^^-^r^Jr^-^rt-t!^))^-^^)^^ (* - isomorphism) 
= rt 1)a T tl _ a (r titl )T t _ a (A)T tl _ s (rj itl )I^ lilI (*- isomorphism) . 

Moreover, the equality T t , s = T tltS T tl - s (T tjtl ) yields F^ s = T tl - s (T^ tl )T^ ltS because r t is a *- 
isomorphism. Hence, we have 

<.(r&(A)) = r t , s r t _ s (A)r* s = r£(A) . 

Therefore, we conclude that t^(-) satisfies the group property. Finally, let us discuss the form 
of the generator for A G T>(5). For ^ A G -t>(5), we have 



h 

'T t+h , t r h (A)T* M -A 



r t , s ( '—^ 1 (group property) 



t Y,s 



r M I 1 t+h,t 



h J 
T h (A)-A \ v ( T%+ ht -l 



1a 



-> r£ (5(A)) + r£ (-iiF(t)) + r£ (»y(t)A) , as ft -+ , 

where we have used T M = 1, ||(r fe (A)-A)/^-5(A)|| ^ 0, ||(r t+M - l)/h-iV(t)\\ (ft 0). 
In conclusion, the generator is expressed by 

^(A)=r^(*(A)+i[V(t),A]) . (17) 
5 State on C* algebra 

Conventional quantum mechanics starts from Hilbert space, and states of quantum systems are 
represented by unit vectors in Hilbert space 7i, and observables are selfadjoint operators on 7i. 
Then, expectation values with state are given by an inner product: 

<A)* = <tf,Atf> (18) 

From the expression (fl~8|) . states can be interpreted as a positive linear functional : As — > 
C, where As represents a *-algebra generated by bounded operators on the Hilbert space H. 
This functional gives the correspondence between expectation values uq,(A) and observables 
A G As at state ^f. Stating from this interpretation, we can generalize a framework of quantum 
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mechanics (the method of C* algebra). In the method of C* algebra, we no longer start from 
Hilbert space (it is not even necessary to have Hilbert space in the theory), and start from C* 
algebra A, where selfadjoint elements in A are defined to be physical observables (it means that a 
set of observables are a sub-algebra of A). Then, we redefine state as a positive linear functional 
with a normalization condition H (see definition I5.ip . This state gives a correspondence between 
observables and their expectation values at state uj. As we shall explain, Hilbert space structure 
will appear later as a representation of C* algebra A. Roughly speaking, we consider that 
we know states of quantum systems when we have all the correspondence between expectation 
values and local observables. For infinitely extended systems, this definition works better in a 
mathematical sense. 

Definition 5.1 Let A be a * algebra, and let A* be a set of linear junctionals from A to C 
Then, uj £ A* is said to be a positive linear functional if uj{A* A) > 0, for all A £ A. Moreover, 
positive linear functional is called faithful if A = for all A satisfying oj(A*A) = 0. States are 
positive linear functionals that satisfies the normalization: uj(1) = 1. 

We note that for any positive elements A in C* algebra, there exists B £ A such that 
A = B*B, and thus, positivity of uj is equivalent to imposing ui(A) > for any positive elements 
A £ A+. 

Although we introduced state from the correspondence with (I18p . it is easy to see the connection 
between state on C* algebra and density operator in a conventional quantum mechanics. In par- 
ticular, there is one-to-one correspondence between density operators and states on C* algebra 
in finite systems. More general results are given by example [H Before stating the proposition, 
let us first present density operator in conventional quantum mechanics, and then its connection 
to states in C* algebra (Ex. HJ). 

Example 4 Let B{%) be a set of bounded linear operators on Hilbert space T~L. Then, if T £ 
B{H) satisfies 

oo 

||T||i = Tr|T| = y^(e n , |T|e n ) < oo 

n=l 

for some CONS {e n }^ = i, then, T is called a trace class operator. A set of trace class operators 
overTL will be denoted byCiiTL). 

Let T £ C\{%) be defined as positive trace class operator if T ^ and T > 0. Moreover, if 
positive trace class operator p is normalized (i.e. Trp = 1), then, it is called a density operator. 

Let A be a unital C* subalgebra of 3(11). For arbitrary density operator p £ Ci(H), we define 
a map oj p : A — > C as 

lo p (A) = Tr(pA) . (19) 

Then, uj p (-) is a state on A. 

We note that uj p is referred to as the normal state associated to a density operator p. 
proof 

8 The same definition can be used for *algebra, and one can study wider class of systems. For instance, it is 
more natural to start from *algebra if one want t o study unbounded observables. 
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Linearity of oj p {-) comes from the linearity of trace. w p (l) follows from Tr p = 1. Since 
Tr (pA* A) = Tr(ApA*) for y A G A, we have u p (A*A) > 0. 

Q.E.D. 

Positivity and C* algebra is a very strong condition, and for instance, one can show the 
continuity from positivity (proposition I14p. and some more properties (proposition I15p . 

Prop. 14 (Bratteli Robinson 2.3.11) 

Let oj be a positive linear functional over a C* algebra A. Then, oj is continuous. 

see [Bratteli Robinson] for the proof. 

Prop. 15 Let A be a C* algebra and oj(-) be a state over A. Then, the following properties are 
satisfied: 

(i) u{A)* = oj(A*) 

(ii) \lo(A*B)\ < y/u(A* A)oj(B* B) (Cauchy-Schwarz inequality) 
(Hi) u(A*B*BA) < \\B\\ 2 uj{A*A) 

(iv) \u(A)\ < \\A\\ 
proof of (i) 

Positivity of oj follows 

u ((A + X1)*(A + Al)) = uj{A*A) + \*oj(A) + Xoj{A*) + |A| 2 G R , 
for arbitrary complex number A. Thus, we have 

Im(A*w(A) + Xu(A*)) = . 
By substituting A = 1 and A = i, we obtain 

Imu{A*) = -Imu(A), Reu(A*) = Reu{A) . 
We conclude u(A*) = u(A)*. 

proof of (ii) 
Positivity of oj follows 

< u {{A + XB)*(A + XB)) = lj(A*A) + X*oj(B*A) + Xoj(A*B) + \X\ 2 oj{B*B) , (20) 
for arbitrary complex number A. Let us take A = tus{A* B)* ,t G R, then, (i) yields 

lj(B*A) =oj(A*B)* . 

Thus, inequality (p0|) reads 

< oj(A*A) + 2t\oj(A*B)\ 2 + t 2 \oj(A*B)\ 2 oj(B*B) . (21) 

Since inequality (|2ip is satisfied for arbitrary t G R, discriminant of the R.H.S. of (|2ip should 
be less than or equal to 0: 

\uj(A*B)\ 4 - oj(A*A)\oj(A*B)\ 2 oj(B*B) < (22) 
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If uj(A*B) = 0, then, Cauchy-Schwarz inequality is satisfied, else inequality (f22|) gives Cauchy- 
Schwarz inequality. 



proof of (iii) 



B*B 



\\B*B\\ 



implies 1 — B* B /\\B\\ 2 € A+. Therefore, there exists B' such that 



1 - mw = B '* B ' 



wfA'B^BM 



Positivity of w gives 



= w(A*A) 
Thus, we have oo(A*B*BA) < \\B\\ 2 uj(A* A). 



uj(A*B*BA) 

iTsP 



proof of (iv) 



| W (A)| = |o; (A*)| (<) 

< y / w(A*A) (substitute 5 = 1 into (u)) 

< ||A|| (substitute A = 1, B = A into (Hi)) 

Q.E.D. 

5.1 GNS representation 

We have discussed states and time evolution on C* algebra without using the Hilbert space 
structure. In conventional quantum mechanics, discussion starts from setting a Hilbert space, 
and states are unit vector in the Hilbert space. Therefore, we do not need to set up different 
Hilbert space for different states. 

In C* algebra, states are positive linear functional over C* algebra A, and Hilbert space 
appears as a representation of states. Namely, Hilbert space is introduced for each state, and 
there is a strong connection between state u) and the introduced Hilbert space. Elements in A 
are connected to a linear operator on the Hilbert space. 

In this subsection, we briefly discuss the representation theory, which gives the connection 
between Hilbert space and positive linear functional. 

Definition 5.2 A representation of a C* algebra A is defined to be a pair (T-L,T>,tt), where % 
is a complex Hilbert space, D is a dense subspace of%, and n is a *-morphism of A into B(T>). 
A representation (7i,'D,ir) is defined to be faithful if it is a * -isomorphism between A and 7r(A), 
i.e. ker it = {0}. Moreover, a representation is defined to be cyclic, if there exists a vector 
£1 & T> \ {0} such that 7r(A)fi is dense in%. £1 £ V is referred to be as a cyclic vector. 
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Clearly, faithful representation is one of the most important classes of representations, and it is 
well-known that each representation (T-L,T>,tt) of a C* algebra defines a faithful representation 
of the quotient algebra A/kev 7r(see discussion of [Bratteli Robinson] before the definition 2.3.2). 
Moreover, the next proposition gives criteria for faithfulness. 

Prop. 16 (Bratteli Robinson 2.3.3) 

Let (H,T>,ir) be a representation of C* algebra A. The representation is faithful, if and only 
if it satisfies each of the following equivalent conditions: 

(i) ker it = 0. 

(ii) \\7r(A)\\=\\A\\, V iGA 
(Hi) ir(A) > for all A > 0. 

Once the representation (H, n) is given, we can define a linear functional w^(-) : A — > C by 

Uq, = (^f,A^) , 

for some VP G H- Then, one can easily prove that oo^, is positive. Moreover, uj^ is a state over 
A, if and only if, ^ is a unit vector in H. For a unit vector W\i> is said to be a vector state of 
representation (H,V,tt). 

In short, this argument gives states from representations; however the existence of the repre- 
sentation itself is not so obvious. In the rest of this subsection, we demonstrate one of the most 
common methods to construct a representations from states (GNS representation), and then, 
show an example of the representation. Namely, positive linear functional with normalization 
ensure the existence of representations (GNS representation). 

Prop. 17 (GNS representation) Let A be a unital C* algebra, and u be a state over A. 
Then, there exist a Hilbert space H^, its element Vt^ £ T-L^, and a *-morphism tt^ of A into 
B(Huj) such that 

u(A) = (n wj n u (A)n u ) ( V A e A) (23) 
= KPR; : AG A} (24) 

where bar in the R.H.S. of Eq. \24\j represents a closure with respect to a norm in Hilbert space. 
In addition, £l u is a cyclic vector ofH u , i.e., {7r w (.A)fl w |j4 € A} C 1~L U is dense in rl^. A pair 
( / H UJ ,TT UJ ,il, U j) is referred to as a GNS representation of (A,co). Moreover, GNS representation is 
unique up to unitary transformation. 

Remark 1 

Suppose that (H'^, 7r w , Cl u ) is a representation of (A, to). Then, there exists a unitary transfor- 
mation U : H' u — > %u, such that 

f U*^(A)U = ^(A) 

\ u*n' u = ^ 

It follows 

<n w ,7r w (A)n w ) = (irtf^xr^AW = (niMA)^) . 
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Therefore, inner products are preserved for different hamiltonian, which is transformed by uni- 
tary transformation. 

Remark 2 (Inequivalent representation) 

Let to and Q be different states over C* algebra A. Let (% w , 7r w , 1^) and fi^) be their 

representations, respectively. In general, there does not exist a unitary transformation U satis- 
fying 

U*n a (A)U = n u (A) 

In some sense, different states over a single C* algebra are not connected, 
proof 

Let us start from constructing a Hilbert space. ^(^4)* = w(^4*) yields uj(A*B) = uj(B*A)*. 
Thus, a map (•,•): A x A — > C 

(A, B) = u(A*B), A,B £ A 

is sesquilinear and satisfy Hermitian symmetry (A,B). Moreover, it satisfies (A, A) > for 
any elements A £ A. Thus, the map {■, ■) satisfies all the properties of inner product except 
that (A, A) = does not imply x = 0. To construct an inner product, let us form a quotient 
algebra = A \ M, where Af represents M = {^4 G A\ (A, A) = 0}. The elements of are 
classes L4] = {^4 + n\ n G AT}. One can easily show A^ forms a vector space with respect to the 
following operation: 

[A] + [B] = [A + B], a[A] = [aA], A, B G A, a G C 

Let us introduce a map (•, -) u : T> w x — > C as 

{[A],[B]) U = {A,B), [A],[B]€V U . 

This map does not depend on the choice of representatives and therefore is well-defined: 

\{A 1 ,B 1 )-(A 2 ,B 2 )\ < \(A 1 -A 2 ,B 1 )\ + \{A 2 ,B 1 -B 2 )\ 

< y/( A 1 -A 2 , A 1 -A 2 )y/(Bi,Bi) 

+\J (A 2 , A 2 }\/ (B\ — B 2 , Bi — B 2 ) (Cauchy — Schwarz inequality) 



0, 



%, A 2 G [A], W B U B 2 G [B] . 



Obviously, ([A], [A]) u = implies [A] = [0]; therefore V u is a pre-Hilbert space (inner product 
space) with a inner product (•, - Then we have a Hilbert space as the Cauchy completion 
of V w with respect to the norm \ [A]\ = y/ {[A], [A]). 

Next, we are going to discuss *-morphism 7r aJ (-). vr^(A) G BiJ-L^) is defined to be 7r a ,(.A)[.B] = 
[AB] for A G A, then ic u (') can be extended to bounded operator over 7i w as we shall explain 
below. 

Let ijj G H u , then, there exists a sequence {B n }^ =1 C T> w such that 



lim 

n— >oo 



[B n ] ~ V> 







For that sequence, we have 

^{A)[B n } -wUA)[B ri 



[A{B n - B m )} 



oo({B n -B m )*A*A{B n -B m )) 



< \\A\\Ju((B n - B m )*(B n - B m )) = \\A\\ [B n ] - [B n 



as n, m — > oo 
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Therefore, is a Cauchy sequence in and thus completeness follows that the limit 

exists. We define the limit lim^^oo 7r aJ (^4)[i? n ] as n^iA)^. This map tp — > tt^^A)^ is obviously 
linear, and 7^ (A) is an element of BiJ-L^) due to |7r aJ (A)'0| < ||A|| \tp\- 

ir u (A)[B n ]\ = \J u(B*A*AB n ) < \\A\\y/u(B*B n ) = \\A\\\[B n ] 

We need to prove that the map tx w : A 3 A — > tt uj (A) G BiJ-L^) is *-morphism, i.e., the map is 
linear, 7r w (A)* = tt uj (A*), and ir UJ (A)ir U j(B) = tt^^AB). Linearity comes frorrj^l 

nUciA + c 2 B)[C] = [ Cl AC + c 2 BC] = Cl [AC] + c 2 [BC] = {c^A) + c 2 ^{B)}[C] . 

7r w (A)* = 7r w (A*) comes from 

([BU U (A)*[C\) = (7r U} (A)[B],[C]) = ([AB),[C])=ij(B*A*C) 
= ([B],[A*C}) = {[B},7rUA*)[C]) . 

Finally 7t u) (A)tt u1 (B) = n ul (AB) comes from 

k u (Ai)t u (A 2 )[B] = [A^B] = 7r w (AiA 2 )[5] . 

Thus, iiu is a *-morphism of A into 3(71^). 

Let us prove that f2 w = [1] is a cyclic vector, and satisfies 

u(A) = (n uJ ,7T LlJ (A)n LU ), v AgA. 

{7r^(A)O w : A G A} = {[A] : A G A} = T> u yields that tt u is a cyclic vector. In addition, we 
have 



(n^TrUA)^) = <[1],[A]) =u(A) . 

Moreover, = 1 implies that = 1, and thus, f2 w is a unit vector. Finally, we are going 

to prove that another representation ('H' LJ ,^' LJ ,^i' UJ ) is transformed to (7i u , fu, Qu) by a unitary 
transformation. Let us define a map U : — >• 7i' w by 

^(A)^ =<(A)^ v AgA. (25) 

Since {^(A)^ : A G A} is dense in % UJ , we can extend the domain of U into Then, we 
have 

(u*tt' w {A)^ w ,^{B)^) = (y u {A)iH ui Un u (B)n u ) 

= (jrUA^nUB)^) = ^y^Af^B)^) = (tf u MA*B)tf u ) 

= lo{A*B) = (Q u ,n u (A*B)n^ = (jrUA^n^B)^ . 

It follows U*ir[ u (A)Q' u] = 7r w (A)f2 w . Combining with a definition of U, we have 

UU*(ri,(A)rt u ) = U(ir u (A)to u )=*' u (A)tf u 
U*U(ir u {A)SlJ) = ?7*«(A)^) =7r w (A)fi w . 

9 Strictly speaking, it should be proved for C ^ A as well, but the discussion is similar to the extension of 7r„ 
we have discussed. 
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Thus, we conclude that U is unitary. Moreover, 

U^JAjUiruiB)^ = U*^(A)^(B)^ = U*nUAB)nl = n u (AB)Q u = 7r w (A)7r w (B)fi w 

follows U*n' w (A)U = n u (A). Thanks to this equality, the definition of U flM} reads tt^ = 11*^. 

Q.E.D. 

As an example of GNS representation, let us demonstrate a construction of representation 
of Hilbert-Schmidt space. 

Definition 5.3 Let H be a Hilbert space. A bounded operator T G H on % is defined to be 
a Hilbert-Schmidt operator if T*T G C\(H). A set of Hilbert-Schmidt operators over % will be 
denoted by CyftC)- A norm ||T||2 = \/Tr (T*T) is said to be a Hilbert-Schmidt norm. 

Prop. 18 (Arai 1.40, 1.41) Let H be a Hilbert space. Let us define a map (•, -) 2 : C 2 (%) x 
C 2 (H) -> C by 

(T,S) 2 = Tr(T*5) . 

Then, (•, is an inner product overC2(H). Moreover, let us define C2CH) as an pre- Hilbert of 
C2CH) equipped with the inner product (-,-)2- Then, C 2 (J-Cj is 0, Hilbert space. 

See Arai for the proof. 

We are going to construct a GNS representation of C*-sub-algebra A of B{H), where % is 
Hilbert space. Suppose T is an element of C2CH), then, AT G £ 2 (H) for arbitrary elements A 
in A (see [Arai 1.36] for example). Only to avoid confusion, we denote [T] for T G C2CH) when 
we use it as a element of £o('Hl 10 l. Let us define a map 1(A) by 

l(A)[T] = [AT], T G C 2 (H) 

One can easily show 

\\l(A)[T}\\ 2 < \\A\\ ||[T]|| 2 , 

therefore, 1(A) G B(C2(H)). Moreover, l(-) : A — > B(C2(H)) is easily proved to be a morphism. 
Combining with 

([T},l(A)[S}) 2 = Tr (T*AS) = (l(A*)[T], [S]) 2 , 

we conclude that l(-) : A — > B(£2(H)) is a *-morphism. Thus, (C2{H)),l) is a representation 
of A. Let p be a density operator over H, and u; p be its associated normal state: 

ujP(A) = Tr (pA), A £ A 

It follows 

ufi(A) = Tr (p^Ap^ 2 ) = ([p^],l(A)[ P ^]) 2 . (26) 

Namely, expectation value of A with a state w p is expressed by expectation value of 1(A) with 
respect to [p 1 ^ 2 ] in the Hilbert space jC 2 (%). Let H p be a closure of V p = 1(A) [p 1 ^ 2 ] , then, H p 

is a closed subset of C 2 CH), and is a Hilbert space. One can prove that [% p , I, [p 1 ^ 2 ]^ is a GNS 
representation of (A, oj p ) (see [Arai §4.4]). 

10 T was used in the lecture of Prof. Tasaki 
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5.2 Equilibrium state 

In the previous subsection, we have discussed the representation. There, first Hilbert space 
was constructed from C* algebra A and a state uj(-) over A, then, an element A in C* algebra was 
mapped into a bounded operator on the Hilbert space. Expectation value of elements A G A s . a . 
is expressed by 

w(A) = (n a ,,7r w (A)J2 w ). (27) 

In this expression, is a unit vector in the Hilbert space H^, and (f27|) corresponds to an 
average in conventional quantum mechanics. 

In this subsection, we are going to discuss the characterization of equilibrium states in 
C* algebra. First we give a GNS representation of equilibrium state for finite system, then, 
we discuss KMS (Kubo-Martin-Schwinger) condition for finite systems. The condition will be 
generalized as a condition to characterize equilibrium for generic systems (including infinite 
systems). 

5.2.1 Equilibrium state and GNS representation 

In this subsection, we discuss a GNS representation of finite system. Let T~L be a Hilbert space, 
and A be a C* sub-algebra of B(H). Then, a normal state associated to a density operator 

is defined to be a Gibbs state. Let T~L P be a closure of V p = 1(A) [p 1 ^ 2 ] ■ Let us define tip and 
lp : A -> B(U p ) by = [pj /2 ] , and ^(A) = 

Following the discussion in the previous subsection, (Hp, lp, tip) is the GNS representation 
of (A, uj 13 ). Then, expectation value at Gibbs states (-)p reads 

(A)p = (np,lp(A)Qp) 2 . 

5.2.2 correlation function for finite systems 

In this subsection, we are going to discuss equilibrium states for finite systems. One of the most 
important properties which characterize Gibbs states are time-correlation function: 

C A , B (t, s) = (af(A)af(B))p, A, B e A, t, s G R , 

where af* (A) is defined by af (A) = e ltH Ae~ ltH . We note that H is well-defined since we only 
discuss finite systems in this subsection. In this subsection, we will show the restriction on 
time-correlation function Gibbs state (KMS condition). This condition will be generalized later 
in § 15.2.31 and, conversely, KMS condition is shown to derive Gibbs state. 
Thanks to [H, pp] = 0, we have 

C A ,b(^ s ) = tv(ppe im Ae- iHt e iHs Be~ iHs ) 

= tr {ppAe iH ^Be- iH ^) = (Aaf_ t (B))p 

= tr [ppe iH ^Ae- iH ^B) = (a?_ s (A)B)p . 
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Therefore, the following two correlation functions are of fundamental interest: 

F A>B (t) = (Aaf(B))p = G A , B (-t) 
G A , B {t) = (a?(A)B) fs = F AjB (-t) 

Let us first extend F A ,B(t) to complex plane. Suppose y G [0,/3]. We define F A>B (t + w) by 

F AB {t + iy) = ^Tr ( e ~PH Ae i(t+i y )H Be -i(t+iy)H 
Zp \ 



Zp = Tr (e 



-PH 



Prop. 19 (Arai 7.14, 7.15) 

Let Ip be a strip: 

Ip = {z = t + iy\t G R, < y < /?} . 

Then, F AtB (z) is an analytical continuation of F a ,b(z) to Ip. F A>B (t) is holomorphic in Ip, and 
is bounded and continuous in la . Moreover, the following inequality is satisfied: 

\Fa,b{z)\ <C P \\A\\ \\B\\, zelp , 

where Cp is a constant independent of A and B. 

Since F AB (z) is an analytical continuation of F AB (t), we shall write F A>B (z). We remark that 
G AjB (t) can be analytically continued to I-p and it satisfy G A)B (z) = F AtB (—z) (z G Ip) due 
to the symmetry F AiB (t) = G A>B (-t). 



Prop. 20 



proo 







F A , B {t) = G B>A (t-il3) (28) 
F AB (t + if3) = G BjA (t) (29) 



F AB {t) = ^Tr ( e - pH Ae itH Be~ itH 
Zp \ 

X -Tr (e UH Be- UH e-? H A 



On the other hand, G B<A (t — i/3) reads 



G BA {t-iP) = — Tr L-PH e i{t-ip)H Ae -i{t-i(})HB 
Zr V 



-^Tr (e UH Ae- UH e-? H B' 



Thus, we have {25}. G AjB (z) = F A)B {-z) (z G Ip) and ]25) follow 

F A , B (t + i(3) = G A B (— f - ip) = F B A (—t) = G B A (t) . 



Q.E.D. 



One need to make more rigorous arguments. See [Arai 7.18] for example 
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5.2.3 KMS condition 



In § 15.2.21 we have discussed a restriction on time-correlation function at equilibrium state. 
Since density operator is ill-defined in infinite systems, we cannot characterize equilibrium state 
by Gibbs state. Instead, we employ the equality (|29p to characterize equilibrium states (Later 
we will show that this condition gives Gibbs state for finite systems). Roughly speaking, we 
impose 



cj (Aa t+l p(B)) t=Q = u(a t (B)A) 



t=o 



for equilibrium states. 

To give more rigorous definition, let us start from giving a definition of analytic elements in 
C* algebra A. 

Definition 5.4 Let at be a strong continuous group of * '-isomorphisms over C* algebra A. Let 
S\ be a strip 

S\ = {z : |Imz| < A} . 

A £ A is called analytic for at , if there exists a function f : S\ — >■ A which satisfies the following 
condition: 

(i) f{t) = a t (A), t £ R. 

(ii) The following limit exists for z £ I\ in norm (strong analyticity): 

,0, /(*+*)-/(') 

h-s>0 h 



If A £ A is analytic for at, we denote f(z) = a z (A). 

Similar to the construction of generator, one can construct a dense set in A which consist 
of entire analytic elements for any at- Namely, for almost all A £ A, at{A) : t —> A can be 
analytically continued to a entire complex plane: proposition 12 ip. 

Prop. 21 Let at be a strong continuous group of * -isomorphisms over C* algebra A. There 
exists entire analytic elements for at- Thus, we can define a set A a of analytic elements for at- 
A a is dense *-subalgebra in A, and is at-invariant. 

proof 

(Existence) 

Let e be a positive number and A e be an element of A defined by 

A e = r -^e-^ 2 a s (A) ■ 

We are going to prove that A e is analytic for at, and a set of A e is dense in A. Let us start from 
analyticity. It is sufficient to prove a function f(z) : C— > A: 
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is strong analytic in a entire complex plane, and matches with &t{A) for t £ R. 

Thanks to \e~^ s ~ z ^ /t2 \ = exp[-(s 2 - 2sRez + Rez 2 )/e 2 ], R.H.S. of ([30]) is convergent, and is 
an element of A. Similarly, a function g(z) : C— > A: 



9(z) = 



ds 2(g- z) ^_ (s _ z) 2 /e 2 



is an element of ^4. With the aids of an inequality: 



\e a - 1 - a\ < J2 \ a \ n+2 /( n + 2 ) ! < J2 \ a \ n+2 / nl = l"| 2e ' Q| 



n=0 



n=0 



we have 



f( z + h)-f(z) 



h 



</(*) 



< 



< 



00 ds 



d,S ( 2h(s-z)-h 2 

1 e 



2h(s — z)\e e 



2h(s-z)-h 2 



2h(s -z)-h 2 h 2 



7>— 



h 



Ws(A)\\ 



\A\ 



ds r\2(a-z)-h\' 



7Tf 



exp 



2h(s -z)-h 2 







) + 7 2 ) 


e e 2 







— >■ 0, as /i -)■ , 

for z G C. Thus, /(z) is strong analytic. 
Moreover, the following equality: 



/(*) 



ds 

V 7re 



°s{A) 



ds 



TTC 



e- s */ e \ t+s (A) = a t (A e 



yields f(z) = a z (A e ) (A e is an element of A a ). Thus, A a is not empty. 

Let us prove that A a is dense in A 

For every A £ A, we define a sequence {B n }^ =1 : 

r°° ds 2 2 
B n = A l/n = n -pe n s a s (A) 

By definition, B n is an element of A a , and the equality: 

f°° ds 2 2 
n ^Le~ n s {a s (A) - A} 

J-oo V 71 " 
J-oo V 71 " 

/ ^Le- s2 \\a s/n (A) -A\\ -> 
J-oo V 71 " 

follows -B n , — >• A in norm, thus, A a is dense in A. 



< 



as n — > oo 
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Next, we prove that A a is a *-subalgebra of A 
Let A, B be elements of A a , i.e., there exists strong continuous functions /, h : C — > A s. t. 

f(t) = a t (A), h{t) = o t (B) , 

for any i £ R, Let c\ and c 2 be complex numbers. Obviously, cif(z) + c 2 h(z), f(z)h(z), and 
f(z*)* are strong analytic, and satisfy 

cif{z) + c 2 h(z)\ z=t = af{t) + c 2 h(t) = cxa t (A) + c 2 a t {B) = o t (c x A + c 2 B) 
f(z)h(z)\ z=t = f(t)h{t) = a t (A)a t (B) = a t (AB) 
f(z*y\ z=t = f(ty=a t (Ay=a t (A*) . 

Therefore c\A + c 2 B, AB, and A* are elements of A a , and thus, A a is a *-sub-algebra of A. 
Finally, we prove that A a is (Jt -invariant. 

Let A be elements of A a , i.e., there exists strong continuous functions /, g : C — > A such that 



lim 



The following equality 

a s (f(z + h))-a s (f(z)) 



f{t) = a t (A), t G R 
f( z + h)-f(z) 



lim 

/wo 



lim 
lim 

/l— 5-0 



o, z e c . 



O-.s I : 5(^J 



/(^ + /»)-/(«) 



yields that f s (z) = a s (f(z)) is strong analytic. 
On the other hand, 



/.(*) 



z=t 



(j s {c t {A)) = a t (a s (A)) 



implies cr s (A) is an element of A a . Thus, we conclude that A a is ex- invariant. 
Using the idea of analytical elements, we can define the KMS condition. 



Q.E.D. 



Definition 5.5 Let at be a strong continuous group of * '-isomorphisms over C* algebra A, and 
A a be a *-sub-algebra of entire analytic elements for at- A state to over A is said to be a a -KMS 
state at (3 (or (a, f3)-KMS state), if there exists a dense (in norm) and a-invariant *-sub-algebra 
A% of A a such that 

oj [Ao-ip [B)) = oj (BA) 

for any A,B G A%. 

Prop. 22 Let be the C* algebra of n x n matrices, and let a s (A) = e zHs Ae~ lHs , H G A s . a .- 
Then, (a, (3)-KMS state is the normal state associated to a density operator p = e~^ H /Zp. 
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proof 

Since there is one-to-one correspondence between density operators and states on C* algebra in 
finite systems, state u can be expressed with density operator p: 

uj(A) = Tr (pA) 

a iR (B) = e"^Be^ and KMS condition follow 

Tr( pAe~ pH Be pH ) = Tr(pBA) . 



Selfadjoint property for H implies that H has real eigenvalues hj (j = 1 • • • n) with associated 
eigenvectors \j). Take A = and B = \k)(l\. Then, KMS condition reads 

(l\p\i}e-^- h ^5 jk = Trf^e-^fie^) = Tv(pBA) = (j\p\k)8 u . (31) 

By substituting i = I and k = j into (|3ip . we have 

(l\p\l)e-^e^ = (j\p\j) . 

Therefore, {j\p\j)e^ does not depend on j. Let us define the constant as 1/Cp. 
By taking k = j, (|3T1) reads 

p~P h 3 

(l\p\i)e-^- h ^ = (j\p\j}5 u =8 ir 



Cp 

where we have used (l\p\l)e^ hl = l/Cg. Thus, we obtain 

8* e~? h ' 



(l\p\i) 



C, 



Therefore, density operator reads 



P 



J2\l)(l\p\i)(i\ 

u 

. p -/3H 



J P 



e -pH 



Cp 

Normalization condition Tr p = 1 gives Cr = Zp. 

We conclude that p is the normal state associated to p = e~@ H /Zr. 

Next, we discuss grand canonical ensemble of spinless Fermion. 



Q.E.D. 



Prop. 23 Let Ackr. be a unital CAR algebra generated by a(f) = f f(k)*akdk, f 6 L 2 , a(f)* 
and unit element 1. Let © be a 4 '-isomorphism over Aqar, and a t be a group of strong continuous 
* -isomorphisms defined by 

8(a(/)) = -o(/) 

a t {a(f)) = I e-^-^fikTakdk . 
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Let uj be a Q-invariant, i.e., u(Q(A)) = uj{A), (a, (3)-KMS state. 
Then, oj satisfies Wick's theorem: 

w(a(/i)* • • • a{f n )*a(g m ) ■ ■ ■ a(g{)) 

= 5n,mJ^( _1 ) kl W ( a (/l)* a (ff|<r|(l))) ■■■^(a(/r l )*a(ff| ( 7|(n))) > (32) 

where a = (er(l) • • • o~(n)) represents a permutation of 1, ... ,n, and \o~\ is for even permutation 
and 1 for odd permutation. 

Moreover, the following equality is satisfied: 

det \ Gj(a(fi)*a(qi)) > (n = m) 
u{a(f 1 y...a(f n ya(g m )...a(g 1 )) = { I VW W ^/l<i,i<n 7 , (33) 

I (n / m) 

where uj(a(fi)*a(gj)) is given by 

vWaW) = J dk e f ;^fl\ . (34) 
In general, state satisfying is referred to as a quasi-free state. 

Formally speaking, we consider a time evolution 1^1 ov ~ e i{H~^N)t j^ e -i(H-/i.N)t ^ ^^g^ (^ /3)-KMS 
states correspond to a state described by a density operator p oc e _ ^^ _AtAr ) (Grand canonical 
state). 

proof 

proof of (USD 



KMS condition for a(f)* and a(G) gives 

w(a(/)V^(a(G))) = w(a(G)a(/)*) (35) 
Let G(k) = e^-^G{k), then, a^(a{G)) reads 

otf(a(G)) = /" e^ k -^G{kfa k dk = a{G) . (36) 
Thanks to the CAR relation, R.H.S. of (|35p reads 

u,(a(G>(/)*) =-u(a(J)*a{G)) +{GJ) L i . (37) 
Substituting ([36]) and ([37|) into KMS condition ([35]) . one obtains 

a;fa(/)*a(G' + G) > ) =(G,f) L2 . 



Let g(fc) = G(k) + G(k), then, we have 

s(*0 



G(k) 



1 _|- e ^(wfe- /i) 



can be replaced by equal for finite systems. For infinite systems, we use ~ to represent formal equalities. 
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and thus, KMS condition reads 

u(a(f)*a(gj) = (GJ) 



dk 



L 2 

g(k)*f(k) 

l _|_ e P(u k - At) 



Thus, ([53]) is proved. 
proof of (133]) 

Suppose n + m is odd number. Then, (j33|) immediately follow from O-invariance of ui: 

u(a(fi)* ■ ■ ■ a(f n )*a(g m ) ■ ■ ■ a(gi)) = u(o(a(fi)* ■ ■ ■ a(f n )*a(g m ) ■ ■ ■ 0(51)) J 

= -w(a(/i)* • • • a(f n )*a(g m ) • • • a(gi)) 

Hereafter, we prove (|33|) in case n + m = 2Z. First let us prove (|33p for n = 0. From KMS 
condition and CAR relation follow 

u(a(g 2l ) ■ ■ ■ a(g 2 )a(G)) = u((a(G))a(g 2 i) • • • a{g 2 )) 

= -co(a(g 2l )---a(g 2 )a(G)) . (38) 

By taking g±(k) = G(k) + G(k), we have u(a(g 2 i) ■ ■ ■ a(gi)) = 0. It follows 

uj{a( gi )* ■ ■ ■ a(g 2l y) =0 . 

Thus, (|33h is proved for (n = 0,m) and (n, m = 0). 

The last possibility is the case of n / 0, m / and n + m = 21. To prove (j33|) for this case, 
we will use the following equality: 

• • • a(f n )*a{g m ) ■ ■ ■ a{g x )) 

n 

= ^-^"V^)*^)) w( a(/i)* • • • a(/ n )* a(<? m ) • • • a{g 2 )) , (39) 

7 = 1 ' " ' 

except a(fj)* 

which can be easily obtained using the similar argument of the proof of (|34p . q 

Since ([39]) takes out uj(a(fj)*a(gi)) from w(a(/i)* • • • a(f n )*a(g m ) ■ ■ ■ a(<7i)), we have 

w(a(/i)* • • • a(f n )*a(g m ) ■ ■ ■ a{gij) = 

for n < m. Similarly, one can prove (|33p for n > m. 

Finally let us prove (j33l) for n = m by induction, 
n = m = 2 

w(a(/i)*a(/ 2 )*a(5'2)a(ffi)) 

= u)(a(fi)*a(gi)) u(a(f 2 )*a(g 2 )) - uj(a(f 2 )*a(g 1 )) uj(a(fi)*a(g 2 )) 

(u{a{hfa{ gi )) uUhya{g 2 )Y 
aet \u(a(f 2 )*abgi)) co {a(f 2 )* a(g 2 )) / 

Suppose (j33j) is satisfied for n = m < k — 1. 



3 Use CAR relation for uj(a(G)a(fi)* ■ ■ ■ a(/„)* a(g m ) ■ ■ ■ a(g 2 )) = a;(a(/i)* • ■ • a(f n )*a(g m ) ■ ■ ■ a(g 2 )a(G)). 
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Since 

(-1)' + M a{hf ■ ■ ■ a(f k )* a(g k ) ■ ■ ■ a{g 2 )) (40) 
* , ' 

except a(fj)* 

is a (j, 1) cofactor Aji of a matrix {w(a(fi)*a(gj))}i<ij< k , we have 

w(a(/i)* • • • a(f k )*a(g k ) • • • 0(51)) 
fc 

= ^(-l)^ 1 a;(a(/,)*a( ffl )) w(a(/i)* ■ ■ ■ a(f k )* a(g k ) ■ ■ ■ a(g 2 )) 

a(fj)* except 

k 

= ^2^( a {fj)* a (9i)) A ji = det{u)(a(fi)*a(gj))}i<ij< k . (41) 



Thus, we conclude that (|33|) is satisfied. 

Obviously, the Wick theorem ([32]) is satisfied due to ([53"]) and ([39]) . 

Q.E.D. 

To describe equilibrium states of single system, we have considered (a, /3)-KMS state with 
a time evolution at(A) ~ ^(H-fiN)t ^ e -i{H-^N)t _ rp^-g statement needs to be modified to de- 
scribe systems contain independent subsystems [-Hj,-f/&] = (j' / 0) with different tempera- 
tures. For this purpose, it is convenient to include temperature in time evolution: c?t(A) ~ 
e iY, ] Pj{H j -nN J )t Ae -iY, i Pj(H J -vN j )t_ Then) ( ?)1 ). KMS stated is equivalent to (<r,/3)-KMS state 

for single systems. For instance, the KMS condition for a(f)* and a{g) in proposition 1231 reads 

u,(a(/)V i/3 (a( 5 ))) = a;(a( 5 )a(/)*) . (42) 

On the other hand, (a, 1) KMS condition reads 

w(o(/)*?i(a(0))) = u;(a( 5 )a(/)*) . (43) 

Take 

(«(/)) = / e^"^/^)*^ 
S=t (*(/)) = / e-W^-Mfikyakdk , 



then, (j42p and (j43p are obviously equivalent. Thanks to this idea, we have the next proposition 
for systems containing subsystems in different equilibria. 

Prop. 24 Let a k \ and a k2 be annihilation operators satisfying 

l a k\, Ofc'A'l = <5aa"5(& - k'), {a kX , a k 'X'} = 

Let .Agar be a unital CAR algebra generated by a(f) = / f\(k)* a k \dk, f\ € L 2 (A = 1,2), 

A ^ 

a(f)* and unit element 1. 



14 Since temperature is formally included in the time-evolution, j3 in the KMS condition does not represent 
temperature 
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Let O and at be * -isomorphism and a strong continuous group of * -isomorphisms defined by 



0(a(/)) = -a(f) 

M a (f)) = E / e-'^-^fxikya^dk . 

A J 

Take u as a Q-invariant (at, 1)-KMS state. Then, uj satisfy 

< ft\* if\*t \ ( \\ } det { w (°(/iNffi))}... (n = m) 
w(a(/i) ■■•a(/n) a(5m) • • • = < L J i<*j<« 

I (n 7^ m) 

where w(a(/j)*a((fy)J is giwen fry 

.(/,)*«(*)) = £/<ft> WffiAW * 



We skip the poof of this proposition since it is almost the same as the proof of proposition 
Roughly speaking, we consider a time evolution a t ~ e ^(H-nN)t j^ e -ip{H-fj.N)t ^ then, (5, 1)-KMS 
states correspond to a state described by a density operator p oc e~^ x ^ x ^ Hx ~^ xNx \ 

6 Mixing, Return to equilibrium, and Asymptotic abelian 

Definition 6.1 Let n a *- automorphism over C* algebra A. Tt is said to be asymptotic abelian, 
if the following condition is satisfied: 

lim || [A,r t (B)] ± || = 0, VA,B G A , 

|t|— >oo 

, where we take + if A,B contains odd number of fermions, and — for the other cases. 

The condition for asymptotic abelian looks quite strong, but it is not so strong. For instance, 
let us study a CAR algebra and free-time evolution at defined in proposition [23j Take A = 
a(f)*a(f), and B = a(g)*a(g), and, let T t (a(g)) = g t , then, 

[A,T t (B)}- = [a(fya(f),a(g t ya(g t )U 

= a(fy[a(f),a(g t ya(g t )}. + [a(f)* , a(g t )* a(g t ))^a(f) 
= a(fy[a(f),a(g t y) + a(g t ) - a(g t y[a(fy,a(g t )) + a(f) 
= (g t , f)* L2 a(f)*a(g t ) - (g t , f) L M9t)*a(f) 

Thus, we have 

\\[A,r t (B)U\=2\(g t J) L2 \ \\a(f)\\ \\a(g t )\\ 
Thanks to the Riemann Lebesgue theorem, we have 

(g t ,f) L2 = J dkf^gikye^-^ -> 0, as \t\ -> oo . 

It follows ||L4,TtGB)]-|| 0. 
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Definition 6.2 Let % be a Hilbert space, and Ai be a sub-algebra of B{TL) (Ai is not necessary 
to be a *-sub-algebra). 

M' = {a e B(H) : [a,b] = ab - ba = v beAi} (44) 

is said to be a commutant of Ai, and (Ai')' = Ai" is said to be a bicommutant of Ai. 

Since arbitrary element in Ai commute with Ai' , we have Ai" C Ai. A Von Neumann 
algebra on His a *-subalgebra Ai of B{T~L) such that Ai" = Ai. 

Prop. 25 For any subset Ai ofB(rl), 

Ai' = M {3) = M {5) = ■ ■ ■ 
Ai" = MW=M<® 

where is defined by _M(" +1 ) = (.M (»))', = M" . 

proof 

If B £ B(T~L) commutes with any m £ Ai" , then, B commutes with any elements in a subset of 
Ai" . Thus, Ai C Ai" implies A^( 3 ^ C Ai' . On the other hand, replacing Ai by Ai' in Ai C Ai" 
we have Ai' C M' 3 '. 
Thus, we have 

Ai' = Ai {3) . (45) 
Moreover, by replacing Ai' by Ai^ in (I45p . we have the proposition. 

Q.E.D. 

Prom propositiori25l we have the following example of a Von Neumann algebra. 

Example 5 Letui be a state overC* algebra A and (H w , tt^, Q) be GNS representation of(A,oj). 
Then, 

M = MA): v AeA}" = irUA)" 

is a Von Neumann algebra. 

Definition 6.3 The center Z(Ai) of a Von Neumann algebra Ai onTL is defined by 

Z(M) =MC\M' 

Definition 6.4 Let uj be a state over C* algebra A and (^^,vr w ,r2) be GNS representation of 
(A,lo). Let Ai its associated von Neumann algebra Ai = 7r w (2l)". A state oo is called factor^, 
if Ai has a trivial center, i.e., 

Z(M) = C 1 = {cl : v c G C} . 

Remark 1 

Let us restrict on finite systems. Roughly speaking, a factor state uj means that its associate 
density operator has an inverse. Let us roughly explain it for special case. 

15 A von Neumann algebra is called a factor if it has a trivial center. 
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Let us think of a Hilbert Schmidt space and its associated GNS representation. For finite 
systems, there exists a density operator associated to the state. As we discussed in § 15. 1\ we 
attach a Hilbert space structure with the Hilbert Schmidt norm. Let us define 1(A) and I' (A) as 

l(A)[T] = [AT], T£C 2 (U) 
l'(A)[T] = [TA], TeC 2 (H) . 

Then, expectation value reads 

uj(A*B) = Tr (pA*B) = Tr (( Ap 1 / 2 )* (Bp 1 / 2 )) = (l(A)n,l(B)U) 2 , 

where f2 = [p 1 ' 2 ]- For any elements [C] G Tl^, we have 

l'(A)l(B)[C] = [BCA] = l(B)l'(A) [C] . 

Thus, we have [I' (A), 1(B)]. It follow£0 

1(A)' = {I' (A) : A G A} . 

Namely algebra of right products is commutant of the algebra of left products. Let X G ^(^4)' n 
1(A)", i.e., [X,l(A)] = [X,l'(B)] = 0, V A,B; it means 

X([Ap 1/2 }) = X(l[A]U) = l[A]X(Q) (46) 
X^^A]) = X(l'(A)n) = l'(A)X(U) (47) 

Suppose there exists Y G A such that 

X(p^) = [Yp 1 ' 2 ] . 

Then, P6|) reads 

[YAp 1 ' 2 } = [AYp 1 ' 2 ] . 
If there exists inverse of p, then, it follows 

[YA] = [AY] . 

Since Y commutes with any A, it is restricted to Y = al (a £ C). Namely, if p is invertible, 
then, a; is a factor. 
Remark 2 

If oj is a unique KMS stat^lll , then, uj is a factor. Let us explain it with rough arguments. First 
let us write KMS condition: u)(Acrip(B)) = oj(BA) in terms of the GNS representation: 

(n,7r w (A)a ii9 (7r w (S))n) = (n,^(B)^(A)^ , 

where a represents a extension of a into B(7i u j^. Let T G 1(A)' fl 1(A)". Suppose TQ is a KMS 
state, then, the uniqueness follows T£l = cQ (c G C). Thus, we have 

T7r aJ (A)0 = ir u (A)TSl = ar u (A)n . 

16 More rigorous arguments is necessary. 

17 Physically speaking, if no phase transition takes place, the KMS state is unique, else, several KMS states 
exist as a result of spontaneous symmetry breaking. 

18 It is possible to construct this extension, but we skip it in this paper. 



47 



Since ir w (A)Q is arbitrary, we have T = cl. Therefore, it is sufficient to prove that TSl is a KMS 
state. It follows from the following equality: 

rn,7r w (A)^(7r w (B))Tn 



I2,r*7r w (A)Ta ij8 (7r w (J3))n) (T G tt w (^)') 
0,7r w (Ti)T*7r w (A)TO^ (KMS condition) 
TO, vr w ( J B)7r w (A)TO\ (T* G tt w (A)') 



Therefore, TSl is cr-KMS. 

Prop. 26 (Bratteli Robinson 4.3.24 (Strong Mixing)) 

Let Tt be an asymptotic abelian over C* algebra A. If a state uj is factor, then, 

lim {u(Art(B)) - oo{A)uj(T t {B))} = (Cluster Property) 

\t\— >oo 

Explanation 

Let (TAj, 71^,0) be a GNS representation of (A,u), then, we need to prove 

'n,n u (A){ir u (Tt(B))-u(T t (B))l}ri)->0, as \t\ oo . 

For this purpose, it is sufficient to prove 

V, {vr w (r t (S)) - w(r t (S))l} </>) -»• 0, as \t\ -»• oo 

for any elements 0, ^ i n 

Let X t = 7r w (r t (B)) - w(r t (B))l. Then, 

M < lk w (rt(S))|| + |w(r t (S))| < 2||B|| < oo 

yields that there exists a sequence {ijj^ij and an element C in B{%) such that 

lim (V, (X 4j - C)<£) = 
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lim t j = oo . 



Q.E.D. 



(48) 



It follows 



iJ>,[C,ir u (A)]<j> 



Inn ^V, |> w (r tj (£)) , 7T w (i4)] <A 
lim ir||[r t ,(S),A]|| 

J-S-OO 



for some positive KeR. Asymptotic abelian property follows [C, 7t^(j4)] = 0, thus, C G tt u1 (A)' . 
On the other hand, Xt j G tt^A) + cl implies C G ^(^4)". Therefore, C is an element of Z(A). 
Since uj is a factor, we have C = al for some a G C. It follows 



a = (SI, CSV) = lim 



n,7r w (r t .(B))n) - w(r tj (B)) 







In infinite systems, it is not possible to say the existence in a sense of norm, and Xt< — ► C only in a weak 
sense. This property is called Tychonov theorem. 
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Thus, we have C = 0, and it follows 

lim ty,Xt.<f>) = 
3-*oo 

for any tj c ^ =1 which satisfies (|48p ; therefore, we have 

lim (i>,X t <f>) = 0. 

t— >oo 

Q.E.D. 

With the aid of this proposition, we can discuss a condition with which perturbed system 
returns to equilibrium. 

Prop. 27 (Bratteli Robinson 5.4.10) 

Let Tt be an asymptotic abelian over C* algebra A, and oo be a unique (r, /3)-KMS state. Let 

V be a local perturbation. Then, we have 

lim Lo(Ar t (B)) = oo(A)oo(B) 

\t\— >oo 

Explanation 

Because of a remark 2 after Def. 16.41 we say that a; is a factor. Thus, the assumption of the 
proposition [26] is satisfied, and it follows 

lim {w(Ar t (B)) -u(A)u(T t {B))} =0 . 
We need to prove oo(rt(B)^ = oo(B) for (09]). Here, let us just make a formal argument: 

u(T t (B)) ~ -^tr (e-P H e im Be- im ) 

„ J_ tr (e-P H B) 
~ uj{B) 

Prop. 28 oo is said to be a grand canonical state if it is a-KMS state for a x = T x a-^ x , where 
a s ~ e lNs Ae~ lNs . Let oo be a grand canonical state. If interaction V is analytic for a x , a (V) = 

V (We shall call it Gauge invariance), and perturbative time evolution r t is asymptotic abelian. 
Then, 

lim oo{rY {A))=oo v {A) 

is satisfied, where ooy is a KMS state for a x , and r t , o~ x is defined by 
d 



j t rY (A) = tY {<5 (A) i [V, A] } , r£ (A) = A 
d 



^ (A) = a v x {8 (A) - \ik (A) + i [V, A]} , a? =0 (A) = A , 
where k is a generator of the gauge transformation. 

Physically, this proposition means that if reservoirs are locally perturbed, then, total system 
reaches a new equilibrium ooy- 
explanation 
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Formally speaking, the average is expressed by 

1 



Let us formally define T p by I> ~ e -P{H-nN) e -p(H+v-»Nj^ TheUj we have 

9 ~ tre-^^-^) = trT 8 e-^ H+v -^ 



Hence, 



1 r ^ -0(H+V-p,N) 

e(r^) y 



Wy (r^g) 

Combining with tY (C) = e i(^+^)*(7e-^ H+v )*, we conclude 

/ VV.nN W V (^) r,g) (r t V (4)) Wy (I» 

LOviTp) wy(I» 
6.1 Nonequilibrium steady state 

As we have mentioned, the method of C* algebra was first applied to equilibrium systems and 
thermodynamics. For instance, the first and second law of thermodynamics [2 1\ I49j . the relative- 
entropy reformulated by Ojima[50] was shown to be non-negative at steady state[9| [TU l [50 | [5Tj . 
where its existence is proved under L 1 -asymptotic abelian property [HI [TT| [T2] . 

In this subsection, we will concern nonequilibrium state, and show some useful results without 
giving rigorous proofs. 

The system is coupled to some reservoirs, and reservoirs are in different equilibria. Here, we 
are interested in a finite systems coupled to some reservoirs. Those reservoirs are assumed to 
be in equilibrium at initial state, but we do assume this property only at the initial state. To 
be more precise, initially state are written in terms of a product state ptot = (po)system ® {pi <8> 
p 2 <g) ■ ■ ■ ® Pn) reservoirs, and each pi(i > 1) is in equilibrium at initial time. We assume that at 
t = 0— reservoirs are in different equilibria, and we contact finite system to reservoirs at t = 0+. 
We are interested in a finite system at t = +oo. 

Let us start from defining a Field algebra 5 (One can find detailed discussion in [H]). This 
Field algebra is defined to be a C* algebra having the following *-automorphisms: 

1. Time-evolution n 

2. Gauge transformation ar which satisfies arar = ctr . r , <t> £ R L '■ 

3. Involutive transformation = a ? ■ 

<t>o 



4. Time reversal operator: i 



LT t L = T- t , i 2 = 1 



We note that Tp can be denned without H. 



50 



We note that transformation 1, 2, and 3 commute each other. 
Intuitively, time-evolution r t reads 

r t {A) ~ e iHt Ae- iHt , 

gauge transformation reads 

a $ {A) = exp [t <P\N X A exp [-i ^ <t>\N. 

and represents a parity of fermion. 

Next, we split total system into system and reservoirs. 

1. Observables: 

$ = ($o) S ystem ® (3l <8> • • • <8> ft N) res ervoirs 



2. Time-evolution: 

construct from a generator: 



<5 y (A) = S (A) - i [V, A] 



where f t acts on and T f satisfies 



3. Gauge transformation: 
Similarly, it satisfies 



f t U) (A) = A, (VAe$ k , j^k) 



af(A) = A, (VAe$ k , j^k) 

<Pl <P2 02 01 V 

Moreover, 

fU) & W = a^lf t (fc) , (yj, k = 1, - ■ ■ , N, t £ R,<f £ R L 
holds, and time-reversal operator i satisfies 

Since tY was separated as stated below, we have D (d v ) = D (5) (see [EJ [20] for detailed 
discussion). It follows 

5 (A) = 5 V (A) + i [V, A] , \/A £ D (5) 

N 

6 V (A) = ^8, (A), VA£D(5) , 
i=i 

(i) 

where Sj is a generator of f t ~. 

The following classes of subalgebra of $ are important: 
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1. Subalgebra of observables: 21 £ a set of gauge invariant elements. 

2. Parity subalgebra: 

$± = {A £ $\Q (A) = ±A} 
Observables with odd/even annihilation and creation operators. 

3. Subalgebra 3x is norm dense and it satisfies 

/+oo 
dt\\ [A, T t (B)] || < +oo (A 6 3f£, BG^n5 + ), 
-00 

/+oo 
di|| [A, r t (B)] + || < +oo (A,B€$ L n3-). 
■oo 

If 3x exists, then, time-evolution tj is said to satisfy L 1 asymptotic abelian. For 
instance, the interaction between system and reservoir V is an element of This property 
implies rapid decay of correlations and is satisfied for free fermions in H d (d > 1) (Bratteli 
Robinson 5.4.9). 

Each reservoir is infinitely extended, and is in a equilibrium with different thermodynamic 
valuables such as temperatures and chemical potentials. To describe such state, we characterize 
each reservoir by KMS condition. 

Let us define by 

N 

< (B) = [J (e^Be-^) , (49) 

where is a inverse temperature of jth. reservoir, flj = \^}\ • ■ ■ , ^\ L ) ls a chemical potential 



of jth reservoir, and exp (D s ) represents a initial state of a finite system. 
We are interested in a case which w is a (a x , —1) KMS state, i.e., 

u>(Ao*U{B))=u>{AB) 

Then, generator 5 W is given by 

5 U (A) = -J2 Pj (ft (A) - pfgW (A)) )+i[D s ,A], 

where is a generator for a - (ex G R- L is the unit vector whose Ath element is 1, and s is 
a real number.). We note that the KMS state for corresponds to the Maclennan-Zubarev 
ensembles^! in an appropriate sense [1~5"| 120] . 

As we shall describe in Proposition [30] , we are interested in the effects of the way of splitting 
systems. For this purpose, we introduce a locally modified state uj' . Namely, we consider a 
different partition: 

= So ® 31 ® • • • ® $n > 

and define <J as a (cr^',-1) KMS state for this partition. In the same way, we introduce a x ' as 



N 

<\B) = X\f%^% ]X {e^Be-^ 



21 The problem of divergence in Maclennan-Zubarev ensemble|46l 152] was reformulated by Tasaki[l5]. The 
validity of the ensemble was proved for spinless electron model of a single- level quantum dot|20|. 
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This state <J is defined to be a locally modified state, if 5 u i and 5 U satisfy 

6„, (A) - S u (A) = i [W, A] , \/A e D (6 U ) , 
for some selfadjoint element W G 

Prop. 29 ( Existence of steady states (Ruelle [8]) ) 

Suppose that the time evolution r% satisfies the L 1 (3x) property, then, 

lim uj o Tt (A) = uj± (A) , (WA G 8 L ) (50) 

t— >±oo 

exists for each initial condition oj, and uj± is Tt-invariant. 

Prop. 30 ( Tasaki and Matsui theorem 2 in [15] ) Suppose that the time evolution Tt sat- 
isfies the L 1 ($x) property, and there exists a unique KMS state for a^. Then, for locally per- 
turbed a/, the previous equality holds: 

lim J o Tt (A) = lim uj o r t (A) = uj± (A) , (VA G $ L ) 

t— ^±oo t— >±oo 

Interestingly, proposition[30]concludes that the steady state uj± is determined by thermodynamic 
properties such as temperature and chemical potential, and it does not depend on the partition, 
initial condition in the finite system. 

Prop. 31 ( Tasaki and Matsui theorem 3 in [15] ) Suppose that the time evolution Tt sat- 
isfies the L 1 property, and there exists a unique KMS state for a%. Then, the following 
equality holds: 

UJ± = L*UJ T , 

where i* is defined by l*lo (A) = uj (l (A*)). 

Prop. 32 ( Stability of steady states (Tasaki and Matsui theorem 4 in [15]) ) 

Suppose that the time evolution Tt satisfies the L 1 (3l) property, and there exists a unique 
KMS state for a%. If M0ller operator^ [H \W$ 7± f= lim t _>. ±00 T t y ~V^ is invertible, then, 
a steady state uj + is stable against local perturbations in the following sense: 

^ ^T ^ w ' Ml68 ' (51) 

The same arguments hold for u_ . 

7 Landauer formula and the existence of unique steady states 
for bilinear hamiltonian 

In this section, we will study particle current and condition with which unique steady state exists. 
We use rigorous results of C* algebra but try to demonstrate an application in more physical 
manner. We also describe a hamiltonian having a infinite norm; however as we explained, it 
is possible to define time evolution without using the hamiltonian (One can use the rigorous 
discussion of single dot couple to two reservoirs |20j). The hamiltonian is used only to formally 
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give a time evolution over C* algebra. In this section, We will restrict our analysis on a finite 
bilinear hamiltonian coupled to infinite reservoirs: 

H = Hs + H B + V 

A 

H B = j dk (u k a\a k + n k b\b k ^ 
V = Wdfc (^A4/A + «Wte + (h-c)) , (52) 

A J 

where u k w^ (y = L,R, A G N, k G R 2 ) is a tunneling between system and reservoirs, f\ is an 
annihilation operator of an fermion in finite system with energy e^, and a k /b k is an annihilation 
operator of left/right reservoir fermion with energies uj k j [i k and wave number k. 

7.1 Particle current and Landauer formula 

Let us study following operators: 



a k = a k 

A 



+ ^2 h xfx+ / dk' (m k k ,a k , + n%bu 

A J 

Pk = a k + Y^ h k x fx + / dk' (m k k ,a k/ + n£,6 fc ') (53) 

A J 

Suppose that this set of operators {a k ,(3 k } is complete (It will be studied in § I7.2H . then, a k 
for instance should be written as a summation of this operator, i.e., 

a k = f dk' (A k k ,a k , + B k p k ,} (54) 



Then, A k ,B k should be given by 



|4' + E^'*/a + / dk " (rn k k :?al+n k kl ?bl„),a k 
= 5(k-k') + m k k * 
B k , = h\ l + Y^htf{ + j dk'' (m k k :?al+n k kl ?bl),a k 



m k 



where we have used 



W k ,,a k } = J dk" {ay , ay>}A\„ = A% 
{Pl,a k } = J dk" {f3 k ,,(3 k/ ,}B k „ = B k , . 
Similarly, inverse formula for f\ and b k can be obtained. As a result, if {a k , f3 k } is complete, 
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then, the inverse formula reads 



a k + j dk' (m$*av+m$*Pu) 
P k + J dk' (n k k *ay + n k k '*P k ') 
fx = j dk (hfa k + hfPk] 



a k 
h 



Next, let us introduce an incoming field. Incoming field is an elements of C* algebra which 
formally satisfies 

[a k , H] = uj k a k , e iHt a k e- iHt e iuJht -> a k (t -> -oo) 
[f3 k ,H] = fj, k p k , e iHt b k e- iHt e** -> fa (t -> -oo) . 

For bilinear hamiltonian (|52p . it should be written in the form (|53p . and [a k ,H] = uo k a k reads 

u k w x + h\t\ + j dk' m k k ,u^w x + j dk' n k k ,u$w^ = u k h\ , (55) 

uf?A% + m k k ,ujy = u k m k k , , (56) 
u k *Af + n^/Xfci = u k n k , . (57) 

From ([56]) and ([57]) . we obtain 

m k - k ' k 



uj k — coy ± iO 
u k* A k 



uj k - fly ± iO 

By substituting the above equality into (j55j) , we have 

H - e x )h k = u L k w{ + / dk' U * A \ u L k ,w L x + / dk' 

J oj k - coy ±i0 J 



-u k >wf 



UJ k - fly ± iO 

u k w{ + + A^i) , (58) 



where £±(w) and r/±(w) are defined by 

e±M = / dk' — WkiV , ri±(u>) = [ dk' 

J id - OJy ±t0 J 



L\2 r U,R\2 

\ u k'\ 



uj — fiy ± iO 

We only need to determine A? . By substituting (|58p into definition of A k , we obtain 



L„„L 



k Z^i \ ,,,, _ 4- ,-n _ c, 4- in 



- e A ± iO w fe - e A ± iO u) k -e x ± iO 
= u^S La (co k ) + e±(w fc )5 L(J (a; fc )^ + rj^(co k )S R(T (oj k )Aj} . 

Thus, we have two equations for A k : 

A k = u%S LL (uj k ) + Z±{u k )S LL (u k )A% + r]±(uj k )S RL (uj k )A§ 
A§ = i4S LR (u k ) + t±{u k )S LB {u k )Al + ri±{u k )S RR (LJ k )A§ , 
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where S vv i(ui) is defined by 



S,,,/( 



A A 



to — e\ + ±zO 



The solution is 

( Af 

4? 



A±(w) 



SllM + r/±(w) {|W^)| 2 - S Rfl (u;)S LL (u;)} 



1 - {7?±(w)5ijfl(a;) + £±(w)Sxl(w)} 

+£±H??±M {Su(w)SmH - \S lr {uj)\ 2 } 

Similarly, we have the condition for fh%,, n%, to satisfy [f3 k ,H] = Hkfik- I n short, the 
conditions for [a k ,H] = 0J k a k , [Pk,H] = HkPk, are summarized as follows. 



n k' 



UJ k — UJ k i ± iO 

u k* A k 



u k - pL k : ± iO 



h\ 



L„.,L 



urw 



L„„L 



k w x 



+ 



A >x 



m. 



Uk — £A U k — £A 
l±k - u k > ± iO 



A k< 

Uk ~ £A 



V±(^k) 



fi k - ± iO 



hi 



u k w x 



+ 



A k w x 



— £A Uk — e A 



A^w^ 

k A r?±(/x fc ) 
Mfe - eA 



(59) 



where is defined by 



A k 



4? 



A±(w) 



Srl(w) 



Moreover, if this field is complete, then, the inverse formula reads 

Ofc = "A,- + J dk' (m k *a k > + m k k * fi k i 



k = Pk + dk' (n k k *ay + n%*pj) 



fx 



dk 



(hf 



oik + h x */3 k 



Sign of the denominator is determined by the condition e i a k e lHt e luJ kt __ y afc (t — oo): 



dk' 



uy -uj k ±iO 



,R* 



+ 



LO k i - fM k ± iO 



(60) 



and its counterpart for f3 k . Since the term (|6Up should vanish in the limit of t — > — oo, the sign 

in denominator should be taken minus, where we have used lim = 0. The same applies 

t^-oo x + iO 

to the right reservoir ((3 k ). 
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Following the idea of RuellejH], if the reservoirs are initially set to be in different equilibria 
and a set of incoming fields {a k , (3 k } is complete, then, the whole system is shown to approach 
a NESS in the long time Iimit [16^ ll8 1 l20|. The NESS so obtained can be characterized as a state 
satisfying Wick's theorem with respect to a k and f3 k and having the two-point functions: 

(4«fc')oc = fL(uj k )8(k - k>) , (filMoo = f R (ji k )S(k - k!) , (61) 

where represent a NESS average = in a sense of (f50j) . f v {x) = l/(eS x ~ tJ, ">' T " + 1) 

is the Fermi distribution function, T u is the initial temperature and \i v is the initial chemical 
potential of the reservoir v = L, R. Formally, this can be understood as follows q Let po be 
an initial density matrix, where the two reservoirs are in distinct equilibria, and p^ be that of 
the NESS, then, lim^ +00 e~ lHt poe lHt = p^ and, e.g., Tr{a\.a k ipo} = fL{u k )5(k — k'). As the 
incoming field a k is given by lirrn,_ > _ ) _ 00 e luJk ^~^ e tH ^~^ a k e~ lH ^^ = a k , one obtains the desired 
relation: 

f L (uJ k )S(k - k') = Tt{oia Jfc /po}e i(Wfc - w * ,)t 

= Tr { {e iH ^ a k e- iH <"*> ("*> }t e iH ay e~ iH ^ e^' ^ e~ iHt p G e iHt } 
->■ Tr{a!|.ajfc'p 00 } = (a|.a/t')oo (as t -> +oo) . (62) 
Finally, if the incoming field is complete, then, the particle current J reads 

d_ 

oi 



J = ( I dk — ( a\a k 



-iJ2 dk {v%w{a\h- ufrw{* /j[o fc )oo 

A ^ 

2 Im]T | dfc u L k w{h1*f L (k) + J dk dk' u L k w{ [m k k J h k ;*f L {k') + ih%h%*f R (k>)} 
A 

2Im y dk 4A^S LR (L0 k ) V+ (cj k )f L (k) 

+2Im y d& £_(u k )Aj;A? S LR (Lo k )r, + (oj k )f L (k) 



+2Im / eta ^(p k )A% {u**S LR (p k ) + A^S LR (p, k ) V+ (fx k )} f R (k) 

-2 J dk J du 5{u) - u k )— f L {u) 

+ljdkj <ko 6(u> - ^) MS^^£ lrn 



|5laM 12 
|A_(«) 



where we have used Im £_ (oj) = ir J dk \u k \ 2 5(u — ui k ) , Im rj-(ui) = ir J dk \u k '\ 2 5(uj — p k ), and 

equalities (|59|) (|61|). It is nothing but a Landauer formula, and it gives a tunneling transition 
probability from left to right with energy uj: 

T(u) = 2 ^ Lfl(fa,) ' 2 Im e_(w)Im »7-(w) 



2 The very proof of the existence of the limits requires rigorous and careful arguments |20j. 
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periodic chain 

To be more concrete, let us take the following hamiltonian: 
H = H S + H L + H R + V 

n— 1 n 

H s = (h c h+i + ( /i - c -)) + Uc h 

3=1 3=1 



H L = j dke k a\a k , Hr = j dke k b\b k , e k = 9 F (\k\ 
V = j dk {v k L a\d + v k R b\c N ^ + (h.c.) 



By taking 



/A = ^Tr£ sin (i7TT n ) c "' 



n=l 

we can apply the result discussed. Since, inverse formula reads 



Esin ( nn A ) f\ , 



iV + _ 

A=l 



we have 



2 ^ sin (lvTT A j sin (lvTT A 

5ll = WTT^ — 



2 ^ sin (im A ) sin (lvTT A 

5l R - — 



Srr - ^TlE 



2 ^sin f^A sin (^A 



£ a = 2tcos(^ T )+^, 



and 



A=l v 7 



Hereafter, we further assume 

u% = v L \k\ a , u* = v R \k\ a , 
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with some exponent a E R. Then, Im£_(u;) and Imr/_(o;) is expressed by very simple form: 
Im£_(w) = ttv 2 l [ dk \k\ 2a 5(u -6 f (\k\- k )) 



2ir 2 v 2 L / :e 2q+1 <5(w - 0/(x - jfco)), 



2a+l 



Im T)-{uj) 



2a+l 



It follows 

T(u) 

A_(w) 



V 



1 - 2 



2 / /) 7 \ 2q+1 

~K ( LU — UfKQ x 



|A_(«)|2 

{^S^rM + v R S LL (u)} 



+4 



4a+2 



7.2 Condition for the existence of unique steady state 

We are going to study the completeness condition for the transformation from {a k ,b k , f\} to 
the incoming field {a k , 

In this subsection, we will give a sufficient condition with which, unique NESS exists. First, 
let us suppose {a\., Pk'} = 0, {a\.,ak>} = S(k — k')l, {/3 k ,/3 k /} = 5(k — k')l are satisfied, then, 
only the following operator might match with a k , b k , and f\. 

ak = a k + J dk' (m k '*a k > + fh k *p k 
h = f3 k + J dk' (n k k *a ¥ + n k k '*/3 k ' 
dk h k *a k + dk h k x *f3 k 



fx 



Let us start from ak 
a k = ak 



: + Yl ^a/a + / dh (m k kl a kl + n k kl b kl 



+ / dfc 



a k + / ^1 m 



+^ i *|^i+e^/a+ y ^2 

t +mf* + J dk 2 m k k 2 *m k k l + J dk 2 m£ 2 *m^ a kl 
1 + mf* + | dk 2 m k **n k l + J dk 2 fh k k >*n k k ^J b kl 



+ dki n 
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Thus, 

m k k ,+m k k * + J dki (ml 1 * ml} + mf'mj^) =0, Vk,k' 
n\, + m k k * + J dh (m£*n% + m^, 1 ) = ^ Vfe > k ' 
h\ + J dh (ml 1 *^ 1 + mf*fcj 1 ) =0, V£;,A 
Similarly, we have the following relation for /3: 



At last, we get the similar relation for 



/if + / dfc! (hi 1 * m^ + h kl *m kl ) = 0, VAr, A 



h K x * + J dh (h^nl 1 +h K x 1 *n K k 1 ) =0, Vfc,A 
dfci (fr* 1 *^ + = 5 a,v, VA,A' 

If the fermionic anti-commutation is satisfied for af- , (3k, the following equations are equiv- 
alent to completeness of the field. 



m k k ,+m k k * + j dh (ml 1 * ml} + m£ 1 *m£') =0, Vfc, k' 
n k ,+m k k J * + J dh (ml 1 *^} +m k k 1 *n k k }^j = 0, Vk,k' 
4 + 4* + y dh (n kl *n k k } + fifn*, 1 ) = 0, Vfc, */ 
/i^ + y difei (ml 1 *^ 1 +ml 1 *h kl ^j =0, VM 

^A + y ("fc 1 *^ 1 + f < k k*~ hk \) = ' V M 

dfci (h kl *h k J +h k x 1 *h k }^j = 5 x ,x>, VA,A' 



Next, we are going to check anti-commutation relation. Let us start from {a^j Afc'} — 
* + S ^S/la + / ( m fc>L + > h> + ^' 2 /a 2 + J dk 2 (m k k ' 2 a k2 + nj£&, 
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Then, the other two commutations, {aLa^/} = l<5(fc — k') and {f3t,Pk'} = I5(k — k') read 

s(k _ + < + , 4r + E ftW + / (<<i + „ &< ) _ _ U) 

Ai 7 

f (* - *0 + 4 + + £ + / (« + nfrng) = <5(fc - k>) . 

Ai 7 

Thus, the three commutation relations are satisfied if the following three conditions are 
satisfied: 

Ai 7 

In summary, we have nine equations to guarantee that the system reaches unique steady 
states 

m% + mf* + j dki (roj^m* + mf'mjj) = 0, Vfc, A;' 

Ai 7 

+.4 + E« + /*. («*+<*) vm' 

Ai 7 

+ nf + y dfci (nf^+nffijj, 1 ) =0, Vfc,*/ 
'* + + ~ h *M* + y dh (rh h hl ff4* + «*) = 0, Vfc, fc' 



"A- 



fc^ + y dh [rnl 1 *^ 1 +m k k 1 *h k x 1 ^j =0, Vfc, A 



We have derived a Landauer formula for a quadratic system described by hamiltonian coupled 
to reservoirs. In our calculation there is an explicit expression for the transmission probability in 
terms of the parameters of the hamiltonian. We have also derived the sufficient conditions under 
which the system has a unique NESS. These conditions are difficult to interpret, and although 
they are explicit in terms of the hamiltonian parameters it is not clear how restrictive they are. 
We conjecture that if the range of reservoir energy goes from — oo to +oo then is not possible 
to satisfy the sufficient conditions here derived. We leave these problems for future research. 
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8 conclusions 



The derivation of macroscopic irreversible dynamics of nonequilibrium systems from microscopic 
equations was recently revisited from the point of view of infinitely extended quantum systems. 
Here we have briefly reviewed the C* algebra and its application to equilibrium systems as well 
as introduced some recent results on NESS. We were too slow to finish the nonequilibrium part 
of the lectures by Professor Tasaki. We plan to upload to the Arxiv that part in the future. In 
addition to the lecture part we have demonstrated the derivation of Landauer formula rigorously 
for quadratic systems but using a more physical presentation in the spirit of Professor Tasaki's 
work. We hope it helps physicists to use these techniques in their work. 
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